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Abstract. In this paper non-deterministic motion of urban traffic is studied under certain assumptions. Based on those 

assumptions discrete and continuous mathematical models are developed: continuous model is written as the Cauchy 
initial-value problem for the integro-differential equation, whence among other things it is obtained the Fokker-Planck 
equation. Besides, the sufficient condition ensuring the mathematical legitimacy of the developed continuous model is 
formulated. 
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I. INTRODUCTION 

The main classical question of the traffic flows 
theory, which is of essential interest also to the 
contemporary applied sphere of urban traffic 
management, is to study the existing relationship 
between the basic physical characteristics of the 
traffic flow – density, flux and velocity ([1]). The 
question of exact and unambiguous determination of 
the main physical characteristics of a traffic flow, in 
particular, of traffic flow density, is considered to be 
the most significant question. For this purpose, as a 
rule, various mathematical models (for instance, see 
[1]-[9] and respective references given in these), 
describing the behavior of traffic flow under various 
conditions are used. The unequivocal finding of the 
traffic flow density in a desired point of given area at 
any point in time will allow to exercise more 
effective and resource-saving management of traffic 
flows ([10]). In addition, the unambiguous finding of 
the traffic flow density in the studied areas of the 
urban transport system will allow changing the 
controlled parameters of the transport system in such 
way, so that the vehicles distribution both in the scale 
of individual road sections, in the scale of certain 
residential districts as well as in the whole city scale 
would become admissible, i.e. traffic flows density in 
the "bottlenecks" road sections during the rush hours 
were staying within admissible limits, the excess of 
which leads to various negative consequences, for 
example, such as formation of traffic jams. One of the 
greatest difficulties encountered in mathematical 
modeling of traffic flow, is that the behavior of 
vehicles on the one hand, must be subject to the 
restrictions and requirements of the traffic 
regulations, and on the other hand, is determined by 
aspiration to achieve the individual goals of the 

drivers in the general traffic flow. Therefore, in the 
model there should be introduced additional 
assumptions, which are allowing not to consider an 
individual contribution of each possible factor that 
may affect the dynamics of changes in road 
conditions, but do not result in distortion of the 
resulting system behavior as a whole. For this reason, 
the concept of an equilibrium condition of transport 
system ([10]) is introduced while constructing 
mathematical model of the non-deterministic motion 
of traffic flow. Traffic tends to return to the 
equilibrium state in the event of possible local 
deviations. The equilibrium state of the transport 
system requires that the average flow rate (traffic 
velocity) at each time point corresponds to its 
equilibrium value at a given density of vehicles. The 
specified requirement stated as assumption 
considerably narrows a scope of application of 
mathematical models, being limited to consideration 
of traffic flow only at road sections without crossings, 
etc. The fundamental work [1] describes in details the 
main properties of traffic flow (uncertainty, 
finiteness, dependence of the distance on time and so 
forth), which ignoring, does not allow to consider the 
constructed mathematical models as rigorous and real 
enough that they could be taken as full-fledged traffic 
models.  

This paper considers a non-deterministic motion 
of urban traffic flow on the assumption that the 
vehicle can move both forward and backward. At 
every fixed period of time there are no limitations 
imposed on vehicles motion within traffic flow, i.e. 
there are no restrictions imposed that a change of the 
current location of any vehicle can be carried out only 
at the adjacent position: such a restriction, as shown 
in [10], means the traffic flow with preference, and it 
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leads to linear mathematical models (both discrete 
and continuous). In this paper, we give up the above-
mentioned restriction, which means the following: at 
every fixed period of time vehicles in traffic flow can 
replace any of the current locations to any other with 
a given probability, where the motion to free 
neighboring location represents just one of the 
possible particular cases. Such non-deterministic 
traffic flow will be called traffic "without 
preference". From a mathematical point of view, the 
assumption of traffic flow "without preference" is 
equivalent to the following four assumptions: 
− at each moment of time 

0, , 2 , 3 ,t t t t∆ ∆ ∆= ⋅ ⋅ …  any of the vehicles 

may have one of the arbitrary coordinates 
0, , 2 , 3 ,x x x∆ ∆ ∆± ± ⋅ ± ⋅ … ;  

− if some vehicle at the time moment 

( )n t n +⋅∆ ∈ℤ  has a coordinate ( ) ,i x i⋅∆ ∈ℤ  

then at the subsequent time moment 

( )1n t+ ⋅∆  the same vehicle can be at any (but 

not only at adjacent with xi ∆⋅   coordinate 
( ) xi ∆⋅−1  or neighboring ( ) xi ∆⋅+1 ) of these 

coordinates with probability 

( ); , ; , ;
def

n i jp p n i j≡  

− for each vehicle in the traffic flow the 
probability 

; ,n i jp  that the vehicle, which had 

at the time moment ( )n t n +⋅∆ ∈ℤ  coordinate 

( ) ,i x i⋅∆ ∈ℤ  would be at the coordinate 

( )j x j⋅∆ ∈ℤ  at the next time moment 

( ) ( )1 ,n t n ++ ⋅∆ ∈ℤ  has a Markov character, 

i.e., 
; ,n i jp  is subject to Markov process: which 

means that for each vehicle in a traffic flow 
these probabilities ( ); , ; ,n i jp n i j+∈ ∈ℤ ℤ  do 

not depend neither on the state of transport 
system in the previous time moments, nor on 
behavior of other vehicles in the same traffic 
flow;  

− the studied traffic flow is assumed uniform (or 
nearly uniform), and physical properties of the 
traffic flow – density, intensity and velocity 
are supposed to be not dependent on the 
direction of vehicles motion in the transport 
system. 

As it will be shown in the following sections, the 
above listed four assumptions allow to construct a 
discrete model, and then, using the principles of 
continuum mechanics, proceed to the continuous 
mathematical model for the unknown traffic density. 

 
 
 

II. MODELLING OF THE NON-DETERMINISTIC 

MOTION OF TRAFFIC FLOW "WITHOUT  

PREFERENCE" 
The first of the four assumptions outlined in the 
introduction of this work, along with another 
assumption (see [10]) that if any vehicle in time 
moment tn ∆⋅  has a coordinate ,i x∆⋅  in the 

subsequent moment of time ( ) tn ∆⋅+1  the same 

vehicle may have a coordinate ( ) xi ∆⋅−1  or 

( )1 ,i x∆+ ⋅  wherein the probability of finding vehicle 

in these two points are equal, i.e. 

( ){ } ( ){ } 1
1 1 ,

2
P x i x P x i x∆ ∆= − ⋅ = = + ⋅ =  that 

leads to the discrete linear model 

 ( ) ( ) ( )1, 1,
, 1 ,

2

U m n U m n
U m n

− + +
+ ≈        (1) 

where function ( ) ( ), ;U m n n m+∈ ∈ℤ ℤ  means the 

number of vehicles at time moment tn ∆⋅  at the point 
having coordinate .m x∆⋅  For a given value of the 

initial distribution of vehicles ( ),0U m  in the traffic 

flow, the discrete linear model (1) makes it possible 
to find approximately the required distribution of 
vehicles in traffic at all subsequent moments of time. 
Furthermore, from (1) follows the property that 
specifies the nature of vehicles distribution changes 
with time: when the number of vehicles at any point 
becomes smaller than the arithmetic mean values at 
neighboring points, then this number increases, and 
vice versa (in [10] this property has been called the 
traffic flow restoration property). Thus, the first of the 
four assumptions mentioned in the introduction of 
this work generates a linearity property: by adding the 
initial distributions of vehicles in traffic flow, their 
distributions at any subsequent time are added as 
well. Looking ahead, let us note that the latter 
assumption (i.e., the fourth assumption) will not be 
active during the construction of the mathematical 
model, however, this assumption would be essential 
during the study of already constructed mathematical 
model, namely, during the proof that constructed 
mathematical model carries catholicity property in 
some sense (see the next section). The second and 
third assumptions, as it will be shown below, 
radically change the basis of the traffic flow 
probabilistic process ([10]), which supports the 
construction of a mathematical model (1). Indeed, 
first of all, let us note that in view of the fact that in 
the traffic flow vehicle has to appear somewhere, it 
could be written 

( ); , 1 , .n i j
j

p n i+
∈

≡ ∀ ∈ ∈∑
ℤ

ℤ ℤ           (2) 

However, by analogy with the identity (15) it could 

not be stated that ; , 1,n i j
i

p
∈

=∑
ℤ

 because the value 

; ,n i j
i

p
∈
∑
ℤ

 may have a value greater than one, if the 
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point ( )j x j⋅∆ ∈ℤ  of the considered section of a 

one-dimensional road [ ],l l− +  having a length 2 l⋅  is 

preferable for the driver; and this sum can be less 

than one in case when the point ( )j x j⋅∆ ∈ℤ  is 

something not preferable for the driver. Within the 

time interval [ ] ( ),n t n t t n +⋅∆ ⋅∆ + ∆ ∈ℤ  the number 

of vehicles moving from the point ( )1 1m x m⋅∆ ∈ℤ  

of the studied one-dimensional road segment having 

2 l⋅  length to any other point 2m x⋅∆  

( )2 2 1;m m m∈ ≠ℤ  in this section, is equal to 

( )
1 21 ; ,, .n m mU m n p⋅  Within the same time interval in 

the opposite direction, i.e. from point 2m x⋅∆

( )2m ∈ℤ   to point  1m x⋅∆  ( )1 1 2; ,m m m∈ ≠ℤ  it is 

moving ( )
2 12 ; ,, n m mU m n p⋅  number of vehicles. 

Hence, it is possible to write down "vehicle balance" 
using the following recurrence relation: 

( ) ( ) ( )
1 2

2

2 1

1 1 1 ; ,, 1 , , n m m
m

m m

U m n U m n U m n p
∈

≠

+ ≈ − ⋅ +∑
ℤ

( ){ } ( ){ }
2 1 2 1

2 2

2 1

2 ; , 2 ; ,, , .n m m n m m
m m
m m

U m n p U m n p
∈ ∈
≠

⋅ = ⋅∑ ∑
ℤ ℤ  (3) 

Then, 

( ) ( ){ }
2 1

2

1 2 ; , 1, 1 , , .n m m
m

U m n U m n p m
∈

+ ≈ ⋅ ∀ ∈∑
ℤ

ℤ  

The meaning of this equation is obvious: any vehicle 
within the studied traffic flow at the time moment 

( ) ( )1n t n ++ ⋅∆ ∈ℤ  must be coming from 

somewhere to the point having coordinates 

( )1 1 .m x m⋅∆ ∈ℤ From (3) it is obvious that the 

discrete model (1) is a special case of the discrete 

model (3). Indeed, for the 1 2,m m∀ ∈ℤ  in (3) 

assuming that 

2 1

1 2
; ,

1 2

1
, 1;

2
0, 1,

n m m

if m m
p

if m m

 − =
= 
 − ≠

 

the recurrent formula (1) could be received. 
Similarly, to how in work [10] when receiving 
continuous model  

( ) ( )2 2

20
0

, ,
lim

2x
t

x t x tx

t xt

ρ ρ
∆ →
∆ →

∂ ∂∆ 
= ⋅ ∂ ∂⋅∆ 

          (4) 

limit transitions 0, 0x t∆ → ∆ →  in discrete model 
(1) have been carried out, in this section in (3) there 
will be also carried out limit transitions 

0, 0.x t∆ → ∆ →  In this connection it is essential to 
distinguish between two possible scenarios: 
(A) If the average "jump" of each vehicle in the 
studied traffic flow at a single time step also tends to 
zero at 0, 0,x t∆ → ∆ →  then the limit transitions 

0, 0x t∆ → ∆ →  in the discrete model (3) will lead 
again to a differential equation with respect to the 

required density ( ),x tρ  of the traffic flow, and in 

this equation there will be "bound "only those 
vehicles of the flow, which form a kind of continuum, 
where vehicles do not interact directly, but are 
"infinitely close" to each other. For example, if a 

discrete function ; ,n i jp  is independent of n +∈ℤ  and 

has the form ( ) ( ), , ,i jp p i j i j= − ∈ℤ  then the 

average "jump" of each vehicle in the considered 
traffic flow for a single time step tends to zero; 
(B) If the average "jump" of each vehicle at a single 
time step does not have to tend to zero at 

0, 0,x t∆ → ∆ →  then the limit transition 
0, 0x t∆ → ∆ →  in the discrete model (3) will lead 

to the integral (resulting) ratio with respect to the 

required density ( ),x tρ  of the traffic flow, i.e., in 

this case at 0, 0x t∆ → ∆ → , sums will turn to 
integrals, but not into partial derivatives. 

We will not dwell on the scenario (A), and 
examine the scenario (B). However, after the study of 
scenario (B), we will return to the scenario (A) in two 
different ways, namely, in the results obtained for the 
scenario (B) we will assume at once that the scenario 
(A) takes place. 

So, let the scenario (B) takes place. Let us rewrite 
the discrete model (3) as follows: 

( ) ( )1 1, 1 ,U m n U m n+ − ≈  

( ){ } ( )
2 1 1 2

2 2

2 1 2 1

2 ; , 1 ; ,, , .n m m n m m
m m

m m m m

U m n p U m n p
∈ ∈

≠ ≠

⋅ − ⋅∑ ∑
ℤ ℤ  

Having divided this equation by ,t∆  and then 
introducing designations 

1 2

1 20 0 0
lim ; lim ; lim ;
x x t

m m n

x m x y m x t n t
∆ → ∆ → ∆ →
→±∞ →±∞ →±∞

= ⋅∆ = ⋅∆ = ⋅∆
 

( ) ( )weight, , ,
m

x t U m n
x

ρ = ⋅
∆

 

we obtain the following integro-differential equation 

for the required density ( ),x tρ  of the traffic flow: 

( ) ( ) ( )
,

; , ,
l

l

x t
K t y x y t dy

t

ρ
ρ

+

−

∂
= ⋅ −

∂ ∫  

( ) ( ) ( ) ( ], ; , ; , , 0, ,
l

l

x t K t x y dy x l l t Tρ
+

−

⋅ ∈ − + ∈∫    (5) 

where the kernel ( )1 2; , 0,K t z z ≥  [ ]0, ,t T∈  

[ ] ( ), 1, 2iz l l i∈ − + =  of integro-differential 

equation (5) is interpreted as follows: the probability 
that the vehicle in the traffic flow, which at the time 

moment [ ]0,t T∈  was at the point [ ]1 ,z l l∈ − +  of a 

road section, during the next time moment t t+∆  will 

appear in the interval  [ ] [ ]2 2 2, ,z z dz l l+ ⊂ − +  
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( )1 2 ,z z≠  will be equal to the value 

( )1 2 2; , .K t z z dz dt  In other words, the kernel 

( )1 2; ,K t z z  is defined as a vehicles "jump" 

probability density in a traffic flow from the point 

[ ]1 ,z l l∈ − +  to the point [ ]2 ,z l l∈ − +  ( )1 2z z≠  in 

a time moment [ ]0, .t T∈  In other words, the 

function ( )1 2; ,K t z z  is the relative velocity of such a 

"jump" of vehicles in the traffic flow at time moment 

.t  It is important to note that in (5) (hereinafter and 
throughout this paper), the value T  may be equal to 
infinity, and consequently, in this case, instead of the 

interval [ ]0,T  and the half interval ( ]0,T  it is 

necessary to take ( ]0,∞  and ( )0, ,∞  respectively. 

Thus, integro-differential equation (5), together with 
the initial condition 

( ) ( ) [ ]00
, , ,

t
x t x x l lρ ρ

=
= ∈ − +            (6) 

forms out 1D mathematical model of the non-
deterministic motion "without preference" of a traffic 

flow, where the required function ( ),x tρ  is a 

density of a traffic flow. 
 
III.  INVESTIGATION OF THE CONSTRUCTED 

MODEL (5), (6) 
Let us recall that the mathematical model (5), (6) 

has been obtained only under the assumption that 
scenario (B) takes place. Therefore, it is interesting to 
find out the "automatic" presence (or absence) of the 
scenario (A) in the mathematical model. In fact, this 
aspiration means that we would like to find out the 
catholicity of a mathematical model (5), (6) among 
the similar traffic flow model classes aimed at finding 
of the traffic flow density characteristic. It is obvious 

that if the model (5), (6) will appear to be more 
general, than, for example, the continuous model (4) 
describing the traffic motion "with equiprobable 
preference", then there comes out a question of 
finding sufficient conditions under which transition 
from the model (5), (6) to other models, in particular, 
to model (4) becomes possible. In this section these 
and other questions are studied. 
In a well-known formula 

( ) ( ) ( ) ,f y x y f x dxδ= − ⋅∫  where ( )δ i  is a delta 

Dirac's function, let us select as function ( )f i  the 

following function ( ) ( ); , .
l

l

f K t dξ ξ
+

−

≡ ∫i i  

Then for [ ],y l l∀ ∈ − +  we can write the identity 

( ) ( ) ( ); , ; , 0.
l l

l l

K t y x x y K t x d dxδ ξ ξ
+ +

− −

 
− − ⋅ ≡ 

 
∫ ∫     (7) 

By denoting 

( ) ( ) ( ) ( ); , ; , ; ,
ldef

l

K t y x K t y x x y K t x dδ ξ ξ
+

−

≡ − − ⋅ ∫ɶ  

let us take into account identity (7) in equation (5): 
( ) ( ) ( )

,
; , , .

l

l

x t
K t y x y t dy

t

ρ
ρ

+

−

∂
= ⋅

∂ ∫ ɶ           (8) 

It is obvious that the equations (5) and (8) are 
equivalent and, therefore, the model (8), (6) is also a 
1D mathematical model of the traffic flow non-
deterministic motion "without preference" in respect 
to required density and it is constructed in the 
assumption that the scenario (B) takes place. Now in 
(8) we will assume that the scenario (A) takes place. 
Then at any fixed x  and t  values the kernel 

( ); ,K t y xɶ  of the equation (8) as function of one 

argument y  is different from zero only in the small 

vicinity of a point [ ] [ ]0 0, , 0,x x l l t t T= ∈ − + = ∈   

( )
( ) ( )

( )
0

0 0

0

0, ; ,
; ,

0, ; ,

K y y B x
K t y x

y B x

ε

ε

 ≡ ∈/
= 

∉

ɶ      (9) 

where ( ) { }0 0; : 0
def

B x x x xε ε ε≡ ∀ > − <  denotes 

the small vicinity of a point 0.x  Hence, the scenario 

(A) suggests that in (8) the main contribution to the 

integral is carried out in ( );B xε  by the variable .y  

Let us expand the density function ( ),y tρ  in a 

Taylor series at the point :x  

( ) ( ) ( )
0

,
, .

!

ii

i
i

x t y x
y t

x i

ρ
ρ

∞

=

∂ −
= ⋅

∂∑           (10) 

Substituting (10) into the right-hand side of the 
integro-differential equation (8) gives us the 
following integro-differential equation: 

( )
( )

( )2

2
1

, ,1

2 !

i

i
i

x t x t

t i x

ρ ρ ⋅∞

⋅
=

∂ ∂
= ⋅ ×

∂ ⋅ ∂∑  

( ) ( )2; ,
l

i

l

K t y x y x dy
+

⋅

−

− ⋅ −∫           (11) 

where the record ( ) ( ); ; ,K t y x K t y x− =  is 

legitimate by virtue of the fourth assumption from the 
introduction section (assumption of independence of 
density of the uniform traffic flow on the direction of 
vehicles motion). From the obtained equation (11), it 
is now easy to derive the 1D mathematical model (4). 
Indeed, from (11) follows: 

( ) ( ) ( ) ( )
2

2

2

, ,1
;

2

l

l

x t x t
K t y x y x dy

t x

ρ ρ +

−

∂ ∂
= ⋅ ⋅ − ⋅ − +

∂ ∂ ∫

( )
( ) ( ) ( )

2
2

2
2

,1
;

2 !

i l
i

i
i l

x t
K t y x y x dy

i x

ρ ⋅ +∞
⋅

⋅
= −

∂
⋅ ⋅ − ⋅ − =

⋅ ∂∑ ∫  

( ) ( ) ( )( )
2

32
2

,1
;

2

l

l

x t
K t z z dz o y x

x

ρ +

−

∂
⋅ ⋅ ⋅ + − =

∂ ∫  
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( ) ( ) ( )( )
2

32
2

,
,

x t
a t o y x

x

ρ∂
⋅ + −

∂
 

where 

( ) ( )2 2

0

; 0.
ldef

a t K t z z dz
+

≡ ⋅ >∫            (12) 

It is obvious that having the assumption (9), we can 
neglect the terms of higher order of smallness 

( )( )3
,o y x−  and then we receive the Fokker–Planck 

equation (for instance, see [13]) 

( ) ( ) ( )2
2

2

, ,
.

x t x t
a t

t x

ρ ρ∂ ∂
= ⋅

∂ ∂
 It is obvious that the 

discrete model (4) is a special case of the Fokker-

Planck equation: 

2 2
2

0
0

lim 0.
22x

t

x h
a

t τ∆ →
∆ →

∆ 
= = >  ⋅⋅∆ 

 

It is important to highlight that the method by which 
model (4) was obtained from equation (11) allows 
other continuous 1D models to be obtained from the 
same equation (11) (for instance, see [2], [3], [11], 
[12] and appropriate references given in these). In 
this sense the equation (11) is the general equation 
(naturally, within similar/comparable classes of 
models) for determination of required density of a 
traffic flow. It should be noted that the designation 
(12) is a purely formal designation, since we have not 
clarified the question of the convergence of the 
integral on the right-hand side of this notation. Let us 
study this question. In order to do this, let us first note 
that equation (5) (or (8)) implies straight only 

convergence of the integral ( )
0

; ,
l

K t z dz
+

∫  and based 

on that we do not have the right to assert the 

convergence of the integral ( ) 2

0

; .
l

K t z z dz
+

⋅∫  

Therefore, there arises a question of the decrease rate 

of a kernel ( );K t z  with a growth of z  for each 

fixed parameter ( ]0 0, .t t T= ∈  In other words, it is 

necessary to find a condition under which influence 

of a kernel ( )0;K t t z=  would be concentrated in the 

small vicinity of zero. To find this required condition, 
we note that on the right-hand side of equation (11) 
for each value 2,3,i = …  ignoring the term  

 
( )

( ) ( ) ( )
2

2

2

,1
;

2 !

i l
i

i
l

x t
K t y x y x dy

i x

ρ ⋅ +
⋅

⋅
−

∂
⋅ ⋅ − ⋅ −

⋅ ∂ ∫  

is possible only in case if 
( ) ( )

( ) ( )( ) ( )
2 1

2 1

2 1

,
2 ;

i l
i

i
l

x t
i K t y x y x dy

x

ρ ⋅ − +
⋅ −

⋅ −
−

∂
⋅ ⋅ − −

∂ ∫ ≫  

( ) ( )( )
2

2

2

,1
; .

2 1

i l
i

i
l

x t
K t y x y x dy

i x

ρ ⋅ +
⋅

⋅
−

∂
⋅ − −

⋅ − ∂ ∫  

Hence, for the legitimacy of the designation (12) 
(in other words, for the legitimacy of equation (4)) it 
is sufficient that for [ ],x l l∀ ∈ − +  and ( ]0,t T∀ ∈  

the relation would be fulfilled 

( ) ( )
2

2
2

0

,
;

lx t
K t z z dz

x

ρ +∂
⋅

∂ ∫ ≫  

( ) ( )
4

4
4

0

,1
; .

12

lx t
K t z z dz

x

ρ +∂
⋅ ⋅

∂ ∫   (13) 

Since in the resulting relation (13) there appears a 

functions 
( ) ( )

,
2,4 ,

i

i

x t
i

x

ρ∂
=

∂
 this relation is of 

little use from the practical point of view: in explicit 
problems it is not possible to verify the fulfilment of 
condition (13) because of the unknown function 

( ), .x tρ  However, in many cases it is easy to 

measure the averaged range of density variation of a 
homogeneous traffic flow and, using this 
characteristic of the studied transport system, from 
relation (13) it is easy to establish from a practical 
point of view a sufficient condition for a transition 
from a complex model (11) to a relatively simple 
model (4). Indeed, taking the value x∆  as the 
averaged interval of the vehicle "jump" in the traffic 
flow and taking ρ∆  as the averaged density changes 
range of the homogeneous traffic flow on given 
"jump" interval x∆  we can assume that the functions 

( ) ( )
,

2,4
i

i

x t
i

x

ρ∂
=

∂
 have orders ( )

.i
x

ρ∆

∆
 Therefore, 

instead of relation (13), we can write down a new 
relation 

( ) ( ) ( )2 2 4

0 0

12 ; ; .
l l

x K t z z dz K t z z dz
+ +

⋅ ∆ ⋅ ∫ ∫≫  (14) 

Despite the fact that the relations (13) and (14) 
seem to be similar, however, there are essential 
distinctions between them: first, the relation (13), 
unlike the relation (14), does not contain unknown 
functions, and, consequently, from the practical point 
of view, the condition (14) is much more preferable, 
since it could be easily verified; secondly, the relation 

(14) binds the kernel ( ); ,K t y x  in the non-local way 

to the averaged range of variation in the density of a 
homogeneous traffic flow, and from the relation (13) 
this could not be concluded, since functions 

( ) ( )
,

2,4 ,
i

i

x t
i

x

ρ∂
=

∂
 being present in that are 

unknown, and hence, are not being subject to 
comparative analysis. 

Finally, it should be noted that the found 
sufficient condition (14) also makes it possible to 
discover the following interesting property of 
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equation (11): even if the kernel ( );K t y x−  of the 

integro-differential equation (11) remains unchanged 
(see the probabilistic interpretation of the kernel, 
which has been made immediately after the 
derivation of the equation 5)) for two traffic flow 
problems, in one of which the value x∆  (that is, the 
average interval of the vehicle "jump" in the traffic 
flow) is comparatively less than the corresponding 
value x∆  in another problem, then the integro-
differential equation (11) can lead to completely 
different models. As it has been already mentioned in 
the introduction, the main physical characteristics of 

the traffic flow are its density ( ), ,x tρ  traffic flux 

( ),q x t  and velocity ( ), .x tϑ  The obvious equality 

( ) ( ) ( ), , ,q x t x t x tϑ ρ= ⋅  shows that, firstly, the flux 

of the traffic flow is in direct proportion to both 
traffic density and velocity: increase / decrease the 
traffic flux could be reached due to both increase / 
decrease in density, and due to increase / decrease the 
velocity of vehicles within the traffic flow; secondly, 
knowledge of traffic density and flux is sufficient to 
uniquely determine the velocity of the traffic flow. 
Therefore, at four assumptions listed in introduction 
the developed mathematical model (5), (6), (14) in 
respect to required density of a traffic flow doesn't 
allow to find other two characteristics of a traffic 
flow: at the same assumptions, it is necessary to 
develop mathematical model in respect to required 
traffic flux or in respect to required velocity of a 
traffic flow. In regards to the aforesaid, in conclusion 
of this section it is worth pointing out that at given 
four assumptions listed in introduction and assuming 
that scenario (B) takes place, authors of this work 
have succeeded to construct continuous model in 

respect to required traffic flux ( ), :q x t  as a result, it 

has been obtained again an integro-differential 

equation in respect to required traffic flux ( ), ,q x t  

but having more complex structure rather than the 
integro-differential equation (5). Unfortunately, the 
imposed restriction on the length of this article does 
not allow us to outline the course and result of the 
development process for this mathematical model. 
 

IV.  CONCLUSION 
In this paper, non-deterministic motion of urban 

traffic flow is studied under the assumption that 
vehicles can move both forward and backward within 
a traffic flow, and at each fixed time interval vehicles 
in the flow can change any of the current locations to 
any other vacant space with predefined probabilities. 
Based on these assumptions, a discrete model is 
developed, and then, using the principles of 
continuum mechanics, a transition is made from the 
developed discrete model to a continuous model with 
respect to the required traffic flow density. The 
received continuous model has the form of the 

Cauchy initial-value problem for the integro-
differential equation, from which, in particular, there 
follows the Fokker-Planck equation. Further, in this 
paper, a sufficient condition is found, which first, 
ensures the mathematical legitimacy of the developed 
continuous model, and, secondly, proves the 
catholicity of the developed mathematical model 
among the similar classes of traffic flow models used 
for determining the density of the traffic flow: it is 
proved that fulfilment of the found condition is 
sufficient to obtain (under the same assumptions) 
other models for finding the density of the traffic 
flow based on the developed continuous model. 
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