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 Abstract—The article deals with the determination 
of chamber and piston geometry for a rotary expansion 
machine. Analytical expressions for the working surface 
area of piston and for chamber volume are derived. 
Three defining parameters of the expansion machine were 
obtained: gas dynamic machine constant Cp; constant 
M0 connecting torque and Cp; the main dimensionless 
parameter of the machine Q0, which relates the volume of 
the chamber and the torque.
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I.	 Introduction

The subject of this article is the rotary type expansion 
machine protected by patent RU2619391 [1].

Fig. 1 shows a piston 1 (AB), which is in a fixed posi-
tion given by the polar angle α=-45°  between the interpo-
lar radius OA=ρA=ρ(α)  and the axis Ox . In this position, 
the volume of the chamber is maximum, while

	 	 (1)
where L is the distance between the axes of the piston 
hinges, a=π⁄4; b=π⁄4-ψmin⁄2 , and where ψmin  is the mini-
mum angle between the pistons.

Fig. 1.	 Piston in a fixed position given  

by the polar angle 

The piston profile ΩP  relates to the equidistant surface 
of the cylinder ΩC at two points K1  and  K2. A chamber is 
formed between these points and the surfaces, the volume 
of which VK  with α=-45° should have the specified 
maximum value V0 , i.e.

	 VK=VK(L, R1, t)=t ∙SK(L, R1)=V0,    (2)

where t is the piston thickness; R1  is the radius of the 
end curves of the piston; SK(L, R1) is the chamber area.

The task is to obtain the specified value of the chamber 
volume  with different variants of the values of three geometric 
parameters L, R1 ,t.

To do this, we need to compile some functional and get 
values of parameters L,R1, t, which deliver the extremum 
to the functional.

II.	 Analysis of geometric constraints

A.	 Preliminary notes
For the presence of extremum the influence of the 

three quantities L,R1,t, must be multidirectional. 
We will try to solve the problem of determining the 

geometric dimensions of  L,R1, t, based on the analysis of 
the restrictions imposed on the geometry of the machine 
for one reason or another. Consider three of them: 1) cross 
section size of cylinder; 2) volume of chamber;  3) torque.

B.	 Cross section size of cylinder 

When making a cylinder from a single piece, the 
diameter must be available for processing equipment. 
From this point of view, and also proceeding from 
economy of metal and reduction in price, the size of the 
cylinder LC  (Fig. 2) should be as small as possible. Let the 
upper value of the size of the cylinder LC  be given, which 
we denote by L ̂C. 
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Fig. 2.	 Piston in a fixed position given  
by the polar angle α=0°

From Fig. 2 follows

	 	 (3)
The constraint in question is described by the inequal-

ity

	  	 (4)

C.	 Volume of chamber

The chamber volume is a pi-periodic function of the 
angle of rotation of the shaft α, which varies in the range 
Vmin… Vmax. The term “chamber volume” is understood 
as the value Vmax , which is described by the approximate 
expression [2]

VK(L, R1, t)= (0.15L2+0.54L R1+0.49R1
2)            (5)

If based on thermal calculations, this volume must be 
equal to the specified value V0 , we will have a limitation 

	  Vmax (L, R1,t)=V0.	      (6)

D.	 Torque

The torque MT is a π⁄2-periodic function of the angle of 
rotation of the shaft , which, being expanded in a Fourier 
series, has a constant component

	  	  (7)

For a given nominal power NN  and nominal angular 
velocity ωN , the value  can be considered known and 
equal to [3]
	

 	  (8)
According to [3] for torque

 	  (9)

where 2b=2∙0.1749=0.35. Considering that the gas 
forces acting on the pistons are F3=F1=p1 (α)SP, F4=F2=p2 
(α)SP, where p1 (α) and p2 (α) are the gas pressure on the 
pistons 1 and 3, and 2 and 4, respectively, and where 
SP is the working surface area of the piston SP=2|yK1 
|t=2(0.5L+0.9R1 )t, or SP=(L+1.8R1 )t. Expression [9] 
takes the form 	

MT (α)=(L2+1,8LR1 )t [p2 (α)(1-0.35 sin2α )-
p1 (α)(1+0.35 sin2α )]  sin(0.35 cos2α ). (10)

Substituting (10) into (7) and introducing the designa-
tion of a parameter

 	  (11)
We arrive at a torque-induced geometry limitation.

	

 	  (12)

Note that the constant CP is an important gas-dynamic 
parameter of machine. It depend only on the gas pres-
sure in the chambers and depend on the geometry of the 
chambers.

III.	 Determination of  
basic geometric dimensions

The main dimensions of the machine are three 
parameters: the inter-joint distance on the piston AB=L, 
the radius of the end curves of piston R1and the thickness 
of piston t.

A.	 Initial equations

Three equations (5), (12) and (6), respectively, 
describing the restrictions on the size of the cylinder Lc , 
on the torque MT  and on the volume of the chamber V0 :

	 	 (13)
Here, for the sake of brevity, new notation has been 

introduced m0=a0 ⁄CP , l Ĉ=L Ĉ⁄2  , in which a0 and Cp  are 
defined by (8) and (11), respectively.

If we specify the size of the cylinder l Ĉ=l , the 
inequality in (13) becomes equal to 0.819L+R1=l .

The formulation of the solution of the problem on the 
basis of three equations, two of which are non-linear, may 
be different. There is no guarantee that a solution exists. 
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It is quite obvious, for example, that with a very small 
cylinder size  l Ĉ, it is not possible to create the required 
torque a0 , or the specified volume of the chamber V0.

B.	 Common Solution

Let cylinder size l Ĉ=l be given. Then we have a sys-
tem of three algebraic equations.

0.819L+R1=l,
(L2+1.8LR1 )t=m0,
(0.15 L2+0.54 L R1+0.49 R1

2 )t=V0	 (14)

From the first equation we express R1  through L : 
R1=l-0.819L. From the second equation we express t  
through L:

 

, or Substituting into the third equation: 
	

By opening the brackets and grouping the terms, we 
get the equality
 0.0367L2-0.263Ll+0.49l2=V0/m0(1.8Ll-0.474L2), from 
which the quadratic equation follows on the size of L:
 	 aL2+bL+c=0 (15)

where =0.474 V0/m0 +0.0367, b=-(1.8 V0/m0 +0.263)l, 

c=0.49 l2 ,  whose solution has a well-known appearance

	

 	  (16)
Considering that V0 is the volume of the camera 

and m0=a0⁄Cp  is a parameter characterizing the torque 
according to (10) and having the dimension m3 we 
introduce the dimensionless machine parameter

 (17)
We write the coefficients of equation (15) in the form

a=0.474q0+0.0367 ,
b=-(1.8q0+0.263)l, 

c=0.49 l2.

C.      Common Solution Analysis
It is known that the number of real solutions of 

equation (15) depends on the discriminant sign D=b2 

-4ac: if D >0 , then there are 2 solutions (2 real roots); 
D=0 , then there is 1 solution (2 matching roots); D<0 , 
then there are 0 solutions (2 imaginary roots).

We make the discriminant the coefficients of which 
are determined by (17):

D=l2(3.24q0
2+0.016q0-0.0027)  (18)

The value of the parameter q0=V0⁄m0 , for which D=0 
. Rejecting the negative root, we get 

	  	 (19)

When q0=0.0265 there is one solution, i.e. two 
coincident positive roots L1=L2=-b/2a=3.15l When 
q0<0.0265 there are no solutions; at  q0>0.0265 there is 
one positive solution for L. At the same time, the presence 
of a solution for L does not guarantee the presence of 
positive solutions for R1  and t.

For convenience, let’s move on to the dimensionless 
variables.

	  	 (20)
 values will be positive if the inequality

 l(1-0.819L` )>0  is satisfied, or the condition 
L’<1.22.

Find the value of q0, for which , 
L’<1.22, R’=0.

After the transformations we get the solution
q0=0.15.

Thus, for R1  to be greater than zero, the machine 
parameter connecting the chamber volume and torque 
q0=V0⁄m0=V0 ⁄(a0⁄Cp ) must be greater than 0.15.

The results of calculations of dependences L’=L/l, 
R_1’=R_1/l and t’=t/l multiplied by l3/m0, from q0 are 
shown in Table 1

Table 1 

q0 L’=L/l R1
’=R1/l R1/L (t’ l3)/m0

0.15 1.22 0 0 0.45
0.175 1.00 0.181 0.181 0.754
0.20 0.996 0.184 0.185 0.756
0.25 0.841 0.311 0.370 0.850
0.30 0.730 0.402 0.550 0.940
0.50 0.475 0.610 1.280 1.340
1.00 0.254 0.792 3.120 2.340

The table has a range of 0.175≤q0≤0.3 . This range 
has practical interest due to the fact that the ratio R1 ⁄L  
from design considerations should not be greater than 0.5. 
Graphically, this range is shown in Fig. 3. The dotted line 
shows the relation R1 ⁄L.
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IV.	 Conclusions

The main result is the identification of several 
important parameters of rotary expansion machine.

First of all, this is the gas-dynamic constant CP(Н/м2)  
defined by (11). It depends only on the initial and final 
pressure of the gas and does not depend on the geometrical 
dimensions of chamber and piston.

The second parameter is m0=a0/CP(m3)  , which relates 
the torque and the gas dynamic constant.

The third, which can be called the main dimensionless 
rotary expansion machine parameter, is q0=V0/m0 , which 
relates the chamber volume and torque, and, as was 
established above, its value should be in the range of 
0.15<q0<0.3 .
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