Environment. Technology. Resources. Rezekne, Latvia

Proceedings of the 120k tenational Sciontfc and Pracrica] Confernce. ol 1, 95100
Special Hperbolic Type Approximation for
Solving of 3-D Two Layer Stationary Diffusion
Problem

Ilmars Kangro Harijs Kalis Erika Teirumnieka
Faculty of Engineering Institute of Mathematics and Computer Faculty of Engineering
Rezekne Academy of Technologies sciences Rezekne Academy of Technologies

Rezekne, Latvia
ilmars.kangro@rta.lv

University of Latvia
Riga, Latvia

harijs.kalis

Edmunds Teirumnieks
Faculty of Engineering
Rezekne Academy of Technologies
Rezekne, Latvia

Edmunds.Teirumnieks@rta.lv

Abstract—In this paper we examine the conservative
averaging method (CAM) along the vertical z-coordinate for
solving the 3-D boundary-value 2 layers diffusion problem.
The special parabolic and hyperbolic type approximation
(splines), that interpolate the middle integral values of
piece-wise smooth function, is investigated. With the help of
these splines the problems of mathematical physics in 3-D
with respect to one coordinate are reduced to problems for
system of equations in 2-D in every layer. This procedure
allows reduce also the 2-D problem to a 1-D problem and
the solution of the approximated problem can be obtained
analytically. As the practical application of the created
mathematical model, we are studying the calculation of the
concentration of heavy metal calcium (Ca) in a two-layer
peat block.

Keywords—conservative  averaging method, finite-
difference method, diffusion problem, special splines.

INTRODUCTION

The boundary value problems (BVP) described
by PDE with piece-wise coefficients in multi-layered
domains are currently the subject of studies [4]. The
interest is often caused by problems in itself, but even
more interesting are their solutions: mainly numerical
ones, because analytical solutions can only be obtained
in the ordinary sense (without changing the number
of dimensions of the boundary-value problem) in the
simplest cases [2]. The article deals with a universal
method for solving the second order of partial differential
equations — a consider conservative averaging method
(CAM), the essence of which is a reduction in the number
of dimensions of a given BVP, with a view to obtaining
analytical expressions (formulas) of the solution. The
further solution of the BVP includes a repeated reduction
in the number of dimensions or applying of numerical
methods to solve the acquired BVP. The unknown
function is replaced by the approximated solution —
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the special spline with two different functions, which
interpolate the middle integral values of piece-wise
smooth function. The functions of the hyperbolic type
spline are created and used with parameters that have to
be chosen in the appropriate way to decrease the error of
approximation of the solution. It should be noted that, in
limit case when the parameters of spline function tends to
zero we have the integral parabolic spline, obtained from
A Buikis [3]. The 2-D boundary value problem obtained
by the conservative averaging method (CAM) was solved
numerically using the finite-difference method in the
case of parabolic and hyperbolic splines. A test example,
a solution to the given 3-D boundary value problem,
was created for numerical approbation of the averaging
method, where the unknown function was a solution to
the corresponding 1-D boundary value problem for two
ODEs. The solution of ODEs’ could be obtained both
analytically (exact solution) and numerically by the
averaging method using parabolic type and hyperbolic
type splines. This in turn allowed a comparison of the
analytical solution with the obtained numerical solutions.

MATERIALS AND METHODS

1.The Mathematical Model
The process of diffusion is considered in 3-D
parallelepiped

Qz{(x,y,z):OSxSl,OSySL,OSzSZ}

The domain Q consists of two layer medium.
We will consider the stationary 3-D problem of the
linear diffusion theory for multilayered piece-wise
homogenous materials of N layers in the form
Q; :{(x,y,z):xe(O,l) y€(0,L) ze(zi_l,xl-)},i:L_N
where is the height of

H; =z -z layer
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Q;,290=0,zy =Z. The distribution of concentrations
¢ =¢; (x,y,z) inevery layer Q; atthe point (x,y,z) =Q;
should be calculated by solving the following partial
differential equation(PDE):
Dyd%c; 1ox* + Dydc; 1y + Dyo%c; 162% +
Ji(x,y,2)=0
Diy > Diz
¢ =¢; (x, y,z) - the concentrations functions in every

> (1L.1)

D.

x> coefficients,

are constant diffusion

layer, f; (x, y,z) - the fixed sources functions. The values

¢; and the flux functions D;,0c;/0z must be continuous

on the contact lines between the layers z = z;,i =1, N -1 :

Ci|zi = Ci+1|zi S Dy, Oc; /aZ|Z,- = D(i+l)zac(i+1) /62|Z (1.2)
where i =1, N —1. The layered material is bounded above
and below with the plane surfaces z=0,z=Z2 with fixed

boundary conditions in following form:
D, .0c; (x,y,O)/@z =0, cy (x,y,Z) =C, (x,y), (1.3)

or cl(x,y,O)zCo(x,y), cN(x,y,Z)zCa(x,y), (1.4)

Co (x, y) , Cy (x, y) are the given concentration-func-
tions.

We have two forms of fixed boundary conditions in
the X,y directions: 1) The periodical conditions by
x=0,x=1 (1.5):

ci(O,y,z)zcl-(l,y,z), 6ci(0,y,z)/8x=acl-(l,y,z)/8x,

2) The symmetrical conditions by y=0,y=L (1.6):
oc; (x,O,z)/@y =0c; (x,L,z)/@y =0.

We will use the CAM and the finite difference (FD)
method to solve the problem (1.1)-(1.6). These procedures
allow reduce the 3-D problem to some 2-D boundary-val-
ue problem (BVP) for the system of partial differential
equations with circular matrix in the X -direction.

2.The conservative averaging method with para-
bolic splines

The equation of (1.1) are averaged along the heights H;
of layers Q; and quadratic integral splines along z co-
ordinate in the following form one used [3]
¢i(x,,2)=Ci (e, y)+ mi(x, Nz - 2;)+

2.1
e,-(x,y)G,-((z—Ei)2/Hl.2—1/12) @1

G[:H[/Dl‘z s El' (Zi—1+zi)/2' mi,e[,Ci - the un-
known coefficients of the spline-function,

1%
Ci(x,y)=H,; 1'[ ci(x,y,2)dz - the average

Zia

values of ¢;,i=1, N .

After averaging the system (1.1) along every layer €Q;
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we obtain
Dy0*C;/ox* + D02 C; 1oy* +2H e +

2.2
Fi(x,y)=0 =

Ci(x,y)=Hi_1_|.Zzi ¢i(x.y.z)z - the average values of
fii= 1, N . From (1.1), (2.1) using boundary conditions
(1.3) we can determine the unknown functions m;,e;

. Therefore, from (2.2) we obtain the system of N
partial differential equations (PDE), where the boundary

conditions for C; are determined from (1.4)-(1.5) in the
X,y -directions for averaged values

Ci(0,y)=Ci(L,y), 8C;(0,y)/ax =aC;(I,y)/ax  (2.3)

aC;(x,0)/ 8y = oC;(x,L)/ 3y =0, (2.4)

In the case N =2 (two layers) we have (2.5):

e =(9C, —(12+3/k)Cy —3C, +(6+3/k)Cy)/
(G, +26G,)

B

ey =(9C, —(12+3k)Cy +(6+3k)C, —3Cy )/
(26, +26G)

>

k=G /G,.

We have from (2.2) the following system of two PDE
D1x62C1 (x,y)/[ﬁx2 + D1y62C1 (x,y)/@y2 +
2H1_1€1 (x,y)+ Fi(x,y)=0,

(2.6)

D2,0%Cy (x,y)/ &% + Dy, 07 Cy (x, y)/ 0y* +

205" ey (x, y)+ Fo (x,) = 0.

After resolving (2.6), the concentration functions

¢; =¢;(x,,z) shall be obtained

Cl(x9y>z):Cl(xry)+ml(xry)(szl /2)+
el (x,y)Gl((z—Hl /2)* 1 HE —1/12)ze[0,H1]”

3 (x,3,2)= Ca(x, )+ my (v, )z = QH) + H, )/2)+ _
ez(x,y)Gz((z—(ZHl +Hy)/2)*/H3 —1/12) zelny,z]
From (1.3) it is obtained

my(x,3)= e (x,y)/(3Dy, )+ 2(Cy (x,)- Co (x. ¥))/ Hy,

my(x,y)= €5 (x.9)/(3D )+ 2(Cy (x,)= C (x. y)) H

3.The conservative averaging method with
hyperbolic type splines in 2 layers
The equation of (1.1) is averaged along the heights
H;of layers €); using the hyperbolic type splines.
Applying averaged method with respect to z we use
the approximate solution with two fixed parametrical
functions f, fi2,1 =12
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ci(x,y,z)Z Ci(xay)-i_mi(x’y)fil (Z_El')+
e:(x,3)+ fin(z-7;)

b

Ci(x,y)=H; -1 J x y,z)dz - the averaged values,

according to the definition of the spline function
[ faGh==[] 1l

=(zi1+2)/2,z€ [Zi—lazi]

dz 0

Zj
0.5H; sinh(a;(z - z;))
sinh(0.5a;H ;)

flzl -

cosh(a;(z—-2;))— 4;
8sinh? (0.5a;H;)

flz2 -

0.5sinh(0.5a;H; ) -1

a;L/2

i = >

a; >0 are fixed parameters (unknown). It should be

noted if parameters @; tend to zero then the integral
parabolic spline from [3] is obtained in the limit case. The

unknown functions m;(x,y) e;(x,y) we can determined
from boundary conditions at z=0,z=Z7:
d;,, =0.5H;a; coth(0.5 a;H;)
k;; =0.25a; coth(0.25a;H;)
Cy-0.5mH| +eb, =C
Cy +0.5myH, +eyby, =C
cosh(0.5a;H;)— 4;
8sinh?(0.254,H,)
Dy (mydy; +erky; )= Dy (mydy —erks.)
Cy+0.5mHq +eby, =Cy —0.5myH, +eb,y,
=2(Cy +bye )/ H .

biz =

Thus we have a system of 2 algebraic equations for deter-

mining e;,i =1,2:

bjiey +bpep =63C, +4C
-2C-C, +Cy , where

by =bsby, +hy, , by =bsby, +Dyiky, , by =2by,
s by ==2by,, by=2Dydy,/Hy , by=2d,,/H,,
Dy =Dy, /Dy, .

>

b21€1 + b22€2 = 2C2

The solution for e, e, is:
e :b17C1 +b18C2 +d4Ca +d6C0
ey = b27C1 +b28C2 +d5Ca +d7C0 , where
b17 = (— b4b22 +2b12)/det s b]g = (— b3b22 —2b12)/det
. byy =(babyy =2byy)/det . byg=(bsby +2by)/ det

>
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5 d4 = (b3b22 +b12)/det 5
d5 = —(b3b21 +b1 1)/det R
det= b] 1b22 - b21b12 .

dg = (babyy —byp)/det
dy = (=bybyy +byy)/det

The 2-D boundary-value problem is in following form:

0

_(Dlx

ac,

_j+

0 oCy
D +bsey + F1 =0,
(1yayJ sep + £ =

Ox Ox oy
0 0Cy 0

D + Dy +bger + F> =0, .
6x( 2x o J y[ 2y Py J 6€2 T 12 (3.1
%O _ 0D g ¢, 1,y = i (x.L) =0,

Ox Oy

where b5 =2Dy, k|, /H|, bg =2Dy,ky, /H) .

4.The finite-difference method for two layers with
parabolic type splines

Subscripts (i, ]) refer to x,y indices; the mesh spac-
h

X2 Ty

We consider an uniform grid (N ¥ X (N y+ 1)) [7],
(xiaJ’j)’xi:h :(j_

_{ Dh,,i=1N,
Jj =l,Nyh, =

X yj
=1LN, +1, N,h,

ing in the x;,y ; directions is A For two layers (

N =2) we can the PDEs (2.6) rewritten in following
vector form:

D,0%Clox* +D,0*Cloy* ~AC+F =0 (4.1)

where D, Dy are the 2 order diagonal matrices with
elements D), D,, and D; o D, y - A is the matrix of
second order, C is the 2nd order vectors-column with

elements C;,C, and F is the 2 order vectors-column
with following elements :

(Fl —((6+ 3k’1)C0 -3C, )/(Hldl) J
F+((6+3k)C, —3Cy)/(Hady))

A:dil{(l

(d)

conditions (2.4) for vector function C in the uniform

2+3k‘1)/H1
~9/H,

~9/H,
(12+3k)/ H,

]

=Gy, + (& ) The equation (4.1) with periodical

grid (xi , ) j) is replaced by vector difference equations
of second order approximation in 3- point stencil [1]:

where W; are vectors-column
(W] ~ (Cl,jaCZ,ja"wCNx,j)T)v

with elements (Fl’j,szj,...,FN“jy‘,j =2, Ny
AA,CC,BB = AA are the block- matrices of second

F j are vectors-column

>
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order with the elements of the circular symmetric matrix

with N, = M -order in the following form (it is possible
to define the circular matrix with the first row that is in

the form 4 = [al,az,...,aM J):

2
Y [Dly/hy,o,...,o] o2 ,
0 Dzy/hy,o,...,o]

c1 €2

C

5 2

where the circular matrices ¢ |,¢ ,,c 3,C sare

ccy =[

cey =[-9/(Hd))0,..,0},  ce3 =[-9/(H,d))0,...,0]

.| |

The boundary conditions (2.4) are replaced by dif-
ference equations of first order approximation:

c3 Cy4

2(D1x /% + Dy, /h§)+ (12 +3k7! )/(Hldl =Dy, 1 h2,

|

0,...0.-Dy, / h2

Z(sz Ih2 + Dy, )+ (12 + 3k)/(H o dy ),

Dy, /h2.0,..0-Dy, [ h2

Cleny )=o)+ 02). c(e.0)=cleL—n,)+oli2).
5.The finite-difference method for two layers with hy-
perbolic type splines

The vector F' and matrix A in (4.1) are

F +b5d4Ca +b5d6C0, F2 +b6d5Ca +b6d7C0 ,

2p)
j , Where

25%)
ayy ==bsby7 , ajy =-bsbig, ay; =-behy7 ,
any =—bgbyg .

The circular matrices ¢ ;are dazy =—bgbag

¢y = [a12 503---301 ccy = [azl,O,...,O],

Weuse a; =15,a, =13 .
6. The numerical methods

The vectors-column Wj from (4.2) is calculated on
Thomas algorithm [9] in the matrix form using MAT-
LAB.

2(Dlx/h§ +Dly/h§)+a”,
— Dy, /h20,.,0,-Dy, /h2

2(D2x /h? +D,, /h§)+ sy,
~ Dy /1 h20,..,0~D,, | h?

W;=X;Wi+Y;=0,j=N,(-DI, (6.1)

where X ;,Y; are corresponding matrices and vectors,
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obtaining of following expressions (6.2):

Xp=(c ;-4 0,8 ;.
Yj:(C -4 ij_Jl(A ij+Fj), J=2()Ny,

Here X| =E,v, W5 z(E—XﬁleN, (N=Ny),

[1,0,...,0] 0
where E = .
0 [10,...0]
: . 4 A,
The inverse matrix of = is
Ay Ay

B, B
B=A"',(B4=4B=E), B=|_"' "?|  where

By By

—1

By = (A4 —A3A1_1A2) : By =—A; ' 4B,

1
B = (A1 —AzAglAJ , By=—A; 438, .
The others operations with circular matrices and vectors
of the second order can be easy obtain [6].

Results and discussion
1. Approbation of numerical algorithms

The special solution in the form
&1(x,.2) = g1 (2)cos(my/ Lsin(x /1) ,
¢y (x,y,2) =gy (z)cos(ny/L)sin(2mx/l) of the PDE

(1.1) was designed, where functions g;(z) g,(z) was
the solution of the following boundary value problem for
two ODE (for boundary condition (1.3)):

gl(2)—afg(2)=0, g(0)=0,g5(z)—a3g,(z) =0
,82(2)=1, g(H))=gy(H)), (7.1)
Dlzg{(Hl) = DZZg’Z(Hl) , where

4Dy, Dly
ay=nr —_— /D1 ,
\/[ 22 :
4Dy, 2yj
ar=7m —— |/ Dy
\/( 22 :

The analytical solution of boundary-value problem of
ODEs (7.1) is [5]:
g1(z) = A sinh(a;z), (7.2)
g>(z) = P, cosh(a,z) + P sinh(a,z) , where the
constants are:
_ P2 cosh(a2H1 )+ P3 sinh(azHl )
sinh(a,H )

_ 1-Pysinh(a,2)

cosh(a,Z)

A

P,

>
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Levels of C by z=H1, MaxCz=0.2151, MinCz=0.1154
T

Py = cosh((ag —ay )H}Ja1 Dy I
= +

sinh(a2H2 +a1H1)a2DZZ
sinh(alHl )sinh(azHl )(alDlz - (lzDzz) '
sinh(a2H2 )COSh(alHl )(alDlz - a2D2Z)

‘ 0188
A
AN 079, / 1
\ 0.1610.17 |

Based on the literature source [4], it can be proofed ]
that the solution to the BVP (7.1), obtained by hyperbolic o5~ I

0.152
spline function, coincides with the analytical (exact) oaf "
solution (7.2) of the BVP (7.1). 03f
0.2
0.161 0.1
2. Some numerical results orp © 0152 Zo.
Measurements of peat samples for the determination of 0 02 04 06 08 1

. . . y
heavy metals — iron and calcium concentrations were

carried out in the swamp of the Vilani municipality

Fig. l. Levels of cat Z = H] for hyperbolic spline.
Knavu swamp. Peat analyses have been performed

Levels of C by z=H1, MaxCz=0.2123, MinCz=0.1227

with the OPTIMA 2100 MS ICP/OES Spectrometer U =
of the inductively associated plasma optic emission 00

spectrometer of the Perkin Elmer firm in the laboratories o

ofthe Geotechnology and Eco-Industrial Research Centre Z; prea  parz

of Rezekne Academy of Technologies [8]. We consider <05 e A

the metal concentration in the 2 layered peat blocks Q 04 A
with following measure: 03 Y pen
L=l=1m, H =1m, Hy=15m, \p\ \ /M
Z:H1+H2 :2‘5m 0 0.2 04 y 06 0.8 1

On the top of the earth (Z =7 ) we have the measured Fig. 2. Levels of Cat z = H for parabolic spline.

concentration c[mg/kg]x1000 of calcium (Ca) in the

Concentration C2-av,MaxC2=0.4368, MinC2=0.3107 sz
1

following points in the (x, y) plane: Ny D?\\k”\ I
(0.1,02)=0.62 , ¢(05,02)=057, A\
(0.9,02)=043, ¢(0.1,0.8)=0.51, i ——

c(0.5,0.5)=043 , ¢(0.9,05)=0.64 , SR NN

¢(0.1,0.5)=0.58 , ¢(0.5,0.8)=0.44 , “ ]

(0.9,0.8)=0.72 . i —

" ot

This date are smoothing by 2D interpolation with A
MATLAB operator, using the spline function. We use ’

following diffusion coefficients in the layers: Fig. 3.The averaged concentration s

Dy, = 10_3 , Dy, = 5-1()_4 , Diy =Dy, = 1()_4 , within the second layer for hyperbolic spline.

Levels of C by y=L/2, MaxCy=0.6222, MinCy=0.0285

Dy, =D, = 107> . We can see the distribution of con- ' ‘ s
i

centration ¢ in the (x, y) plane for Ca at z = H, for
hyperbolic (Fig. 1) and parabolic (Fig. 2) spline. | \

We can see the distribution of concentration ¢ in the .,5 w *
(x,y) plane for Ca at z=H, for hyperbolic (Fig. 1) «os | “ £
and parabolic (Fig. 2) spline, in the Fig. 3 — the aver- o4y ‘q ]
aged concentration C, within the second layer for hy- W 1 “‘3

perbolic spline, in the Fig. 4 — concentration’s ¢ ¢ypveS

0509 537

at y = L/2 for hyperbolic spline.

Fig. 4. Concentration’s C sat y = L /2 for hyperbolic spline.

curve
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CONCLUSIONS

1. The 3D diffusion problem in N layered domain

described by a boundary value problem of the
system of PDEs with piece-wise constant diffusion
coefficients are approximated on the boundary

value problem of a system of N PDEs. The
last mentioned system is solved due to the finite
difference method.

For reducing the 3D diffusion problem to 2D
boundary value problem of a system of PDEs the
conservative averaging method (CAM) along
the vertical z-coordinate by using parabolic type
splines and newly designed special hyperbolic and
type splines is studied.

3. The calculation process compared the effectiveness

of the parabolic and hyperbolic splines usage for
3D diffusion problem reduction to 2D boundary
value problem and resulted in higher accuracy of
the approximated solution directly with hyperbolic
type splines.

A Test example has been created allowed a
comparison of the analytical (exact) solution of the
1-D BVP with the numerically obtained solutions of
parabolic type splines and hyperbolic type splines,
to assess their accuracy. It was found that the
solution obtained by hyperbolic splines functions
coincided with the analytical solution of the 1-D
problem under consideration. This indicates the
usefulness of the further usage of the CAM for
solving BVP problems with the hepl of hyperbolic
type splines compared to the previously widely
used parabolic type splines.

5. The theoretical and practical problem studied makes

it possible to obtain an engineering algorithm for
mathematical modelling mass transfer processes in
multilayered domain.

The results of the numerical experiments can
give some new physical conclusions about the
distribution of metals concentration in different
layered peat blocks.
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