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Abstract. The article examines a second-order parabolic partial differential equation of a three-
dimensional (3D) non-stationary boundary problem with constant diffusion coefficients and periodic boundary
conditions in the x and y directions.

The method for reducing the (3D) non-stationary boundary problem to the corresponding one-
dimensional (1D) non-stationary boundary problem using periodic boundary conditions in the x and y
directions is discussed. The stationary (analytical) solution of the obtained (1D) stationary boundary problem
is also obtained.

The numerical solutions of the 1D boundary problem are obtained using the Matlab package "pdepe™
and the C++ programming language.

As a practical application of the developed mathematical model, the article discusses calculating the
concentration of heavy metal Ca in a peat layer based on the obtained experimental data (measurements).

Keywords: 3-D initial boundary value problem, periodic boundary conditions, (1D) non-stationary and
stationary boundary problem, heavy metal Ca, peat layer, Matlab, C++.

levads

2. kartas paraboliska veida parcialo diferencialvienadojumu (PDV) risinaSana ir ciesi
saistita ar daudziem praktiskiem pétjjumiem matematiskaja fizika, vides zinatng, kimija u.c. —
elektribu vadoSa nesaspiezama Skidruma plismas atruma aprékinasana magnétiska lauka
ietekmé, siltuma un mitruma koncentracijas parnesas problému risinasanu daudzslanu vidge,
smago metalu koncentracijas modeléSana kiidras slanos.

So uzdevumu risinasanai tiek plasi izmantotas gan dazadu programmatiiru iespgjas, gan
ar1 speciali matematiski algoritmi robezproblému precizo atrisinajumu iegiiSanai, jo 1pasi div-
dimensiju un tris dimensiju telpas apgabalos ar periodiskiem robeznosacijumiem. (PBC).

Raksta tiek apskatita 2. kartas paraboliska veida parciala diferencialvienadojuma tris
dimensiju (3-D) nestacionaras robezproblémas reducésanu uz tai atbilstoso viendimensiju (1-
D) nestacionaro robezproblému, izmantojot periodiskos robeznosacijumiem x un y virzienos.

legiita nestacionara 1-D robeZzprobléma lauj aprékinat mekl€jamas funkcijas C(z,t)
vertibas, pieméram, aprékinat smago metalu koncentracijas izmainu z -virziena un ari atkariba
no laika t.

Nosauktas 1-D robeZproblémas skaitlisko atrisindjumu var iegiit, pieméram, ar Matlab
paketi "pdepe", sastadot vajadzigo programmu Matlab programmésanas valoda (kodos) vai ar
C++ palidzibu.

Pienemot, ka nestacionaras 1-D robezproblémas skaitliskais atrisindjums C(z,t) nav
atkariga no laika (t=const), tika ieglita tai atbilstosa stacionara robeZprobléma un atrasts tas
stacionarais (analitiskais) atrisinajums C(z).

Ar funkcionalas sakaribas palidzibu var aprékinat C(z) skaitliskas vertibas dotaja mainiga
z intervala. Ka praktiskais pielietojums izveidotajam matematiskajam modelim, raksta tiek
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apliikota smaga metala Ca koncentracijas aprékinasana kiidras slani balstoties uz iegiitajiem
eksperimentalajiem datiem (mérijumiem) [1].

Atskiriba no ieprieks veiktajiem pétijumiem, izmantojot periodiskos robeznosacijumus
tikai viena (x) virziena, dotaja pétijjuma izstradatais modelis balstas uz periodiskiem
robeznosacijumiem divos (X, y) virzienos, kas vairak atbilst realai situacijai prakse.

Materiali un metodes
3-D nestacionara difiizijas sakuma vértibu un robezvértibu probléema
Difuzijas process tiek definéts 3-D paral&lskaldni
Q={(xy,2):0<x<L,0<y<L,0<z=<L,}.
RobezZproblémas atrisindgjums — mekl&jama funkcija ir ¢ = c(x,y,z,t), kuru atrod,
atrisinot 3-D nestacionaru diftizijas sakuma veértibu un robezvértibu (SVRv) problému (1) 2.
kartas paraboliska veida parcialajam diferencialvienadojumam (1-1) [4]:

[9c 0 dc d dc
=m0+ (0,5) +5(0.5) (1-1)
te (0,t5),x € (0, LX) y € (O,Ly) z € (0,L,),

ac(0,y,z,t) ac(LX,y,z,t)

- C(O Y;Z t) - C(LX! y:Z t) 9x X ’ (1-2) (1)
C(X, 0.z, t) _ C(X Ly, ,t) 6c(x02t) ac(xaLy zt) (1_3)
¢(%,y, L t) = Cap(%,y) = 0,D, M a(c(xy,0,t) = cop(x,y) =0, (1)

£(X, Y, Z, 0) - CO(x y) te (O tb) (1'5)

kur D, D,, D, konstantie difuzijas koeficienti, bet a ir konstants masas parneses koeficients
pie vértibas z = 0, ¢y, (X, ), coz(x, V), co(x,y) ir dotas koncentracijas uz robezas z=0, z =
L, un laika t = 0, t; ir beigu laiks, un x un y virziena mums ir periodiskas robezvertibas.
MEgs risinam SVRV problému sekojosa forma:

c(x,y,2,t) = C(z, ) f1(x) (V). caz = Caz f1 () 2(¥), €0z = Cozfr () f2(¥),

co = Cofi)f2(¥), Ly = Ly, =1,

kur fi(x) = a4 (sin(an) + cos(an)),fz (y) =a, (sin(Zny) + cos(Zny))

1-D Nestacionara robezvértibu probléema

1.0C(zY)
D, ot

c(L,t)—-C,,=0,D,

= —a2C(zt) + & 0 2€(0,L,), (2-1) 0)

0C<0 o — a(C(0,t) — Cy,) = 0, t € (0,t), C(z,0) = Cy, (2.2)

41 (Dx+Dy)

Dy
1-D Nestacionaro robezvertibu (Rv) problému (2) dabtijjam SvRv problémas (1).
Funkcijas c(x, y, z, t) otras kartas parcialie atvasinajumi ir forma:

kur a3 =

d%c
F —471? - a, * a,(sin(2mx) + cos(2mx)) - (sin(2my) + cos(2my))
g—; = —4m? - a, - a,(sin(2mx) + cos(2mx)) - (sin(2my) + cos(2my))

0%c _ 0°C(zt)

. (—4712 *aq * a,(sin(2mx) + cos(2mx)) - (sin(2my) + cos(Zny))) .

9z2 622
—41? - a; - a,(sin(2mx) + cos(2mx)) - (sin(2my) + cos(2my))
2 2 2
levieto 25, 2<% istsmas (1) galvenaja vienadojuma (1-1),

ox2’ ay?’ az?
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pielieto saskanotibas nosacijumus (1-2), (1-3), dabi sisteémas (2) vienadojumu (2-1).
robeZnosacijumos z- virziena ievietojot funkciju c(x,y, z,t) = C(z,t) () f2(y),
dabt Rv problémas (2) robeznosactjumus (2.2)

1-D robezvértibu probléma parastajam 2. kartas diferencialvienadojumam.
Ja skaitliskais atrisinajums C(z, t) sistéma (2) nav atkariga no laika ( t = const ),

tad aC(Z 9 — 0 un no sistémas (2) seko sistema (3).
e + —2=0,2€ (0,L,), (3-1) 3)
(L) = Can D, "“0) —a(C(0) = Co) = 0. (3-2)

Atrod sistémas (3) stacionaro atrisinagjumu, apskata tas galvena vienadojuma (3-1)
d*C(2)
2
—a5-C(z)=0
dZ2 0 ( )
raksturigo vienadojumu
k? —a3 = 0.
Tiek meklétas ta saknes — apzimé C(z) = e*?, funkcijas otrais atvasinajums ir forma
dZC(Z) 2.
—=k
dz
Tad galvenals Vlenﬁdojums (3-1) ir forma
k? - ekz — a2 . ekZ =0,
Izdalot vienadojuma abas puses ar e*Z, dabii k? — a3 = 0, kura saknes ir
ki, = %ay, un atrisindjums ir forma
C(z) = C,-e%?+ Cy- e” %7,
Pakapes e?0? un e~ jzsaka ar sinh x un cosh x.

X_g™* eX+e™* X_e™Xt+e*+e™*

- . e
, coshx = , sinhx + coshx = — —=e

sinhx =

e¥—e ¥—eX—e~

sinhx -coshx = —— = —7™*
C(z) =C; " (sinhx + coshx) + C, - (coshx — sinhx) =
Cy-sinhx+ C; - coshx+ C, - coshx — C, - sinhx,
X = ag- 2.
Tad atrisinajums ir forma
C(z) = A, -sinhay-z+ A, -coshay-z ,
kurAl = Cl - Cz,Az = Cl + Cz
Izmantojot robeznosacijumus (3-2) atrod koeficientus 4; un A4,.
No robeinosachuma (3-2) D, dfi(o) a(C(0) —C,,) = 0seko

dC(0)

a- C(O)_ D d—+ Coz
Izsaka “<* un C(0):
dc(0)

e (Ay-coshay-z+ A, sinay-z)ay,
Pie z = 0 ieglistam

C(0) = %(DZ (A -coshay -0+ A, sinhay-0)ag+ C,y),
coshay-0=1,sinhay,-0 =0,

C(0) == (D, - A1~ ag + Coy).

Tad viss robeznosacijums ir forma

%(DZ Ay ag+ Cpy) = Ay-sinay 0+ A, cosay- 0 vai
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1

E(DZ'Al'ao‘l‘ COZ): A10+ A21
Izmanto robeznosacijumu C(L,) = Cy,, z = L,
C(L,)=A,-sinay-L,+A,-cosay-L,

Coz = Ay-sinay-L,+ A, cosag-L,

=(Dy- A1~ ag+ Cop) = A1 0+ Ay~ 1 (4-1) (4)
Coz = Ay-sinay-L,+A, cosag-L, (4-2)
No nosacijuma D, dfi(zo) —a(C(0)—-C,,) =0vaiCc(0) = % . % + C,, dabi:

C(0)= A;-0+ A, -1, nokurienes izsaka A,:

Az = %Al 'ao +COZ'

levietot A, vienadojuma (4-2), tiek dabuts A;:
Caz — Cog COSh(aOLz)

ayD, cosh(ayL,)
a

A
sinh(ayL,) +

Rezultati un to noveértéjums

Kopgja kiidru saturoso purvu platiba Latvija ir 698918 ha jeb 10,7% no kopgjas teritorijas.

Mikroelementu piesaistei kiidra ir gan dabiskas izcelsmes avoti — atmosféras nosédumi,
augsnes putekli un aerosoli, virszemes noteces udeni, gan ar1 galvenie antropogéno
piesarnojumu avoti — atmosferas dalinas, notekiideni, ka arT apkartgjas vides apstaklu izmainu
rezultati saistiba ar pH Iimena svarstibam [2].

Lai arT daziem mikroelementu sastava ietilpstoSajiem smagajiem metaliem ir butiska
nozime augu un dzivnieku pasaul€, tomeér to augstas koncentracijas klast bistamas jebkurai
dzivibas formai [3].

1-D Nestacionaras un Stacionaras robezvertibu problémas skaitliska modeléSana

Izmantojot viendabigu rezgi ar reZga punktu skaitu N,, = N,, = 10, N, = 20, m&s varam
definét galigu diferencu matricu A ka N, kartas matricu un atrisinat diskréto ODE sistemu un
atrisinat 1-D Nestacionaro robezveértibu problému (2) izmantojot Matlab paketi "pdepe" (1.
attels).

Skaitliskie rezultati (2. un 3. att€li) ir iegiiti no [1]:

tp, = 6[s], Coy = 4.63[mg/m3],Cy, = 1.13[mg/m?3],
D, =1073[m?/s],Ly = L, = 1[m],L, = 3[m], D, =
a, =a, = 0.1,

Co = ((Caz — Coz) " z/L;) + Cos.

a = 200[m/s],
D, =3-107*[m?/s],
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NestacKudram™*

= function NestacKudra

|

1

2 m=0;L=3.0;Ca®=1.13; Caz=4.63;Dz=10"(-2); Dx=3*18"(-4);

3 Dy=3%18"(-4);alfa=200; al1=0.1;a2=08.1;bl=0.9;b2=0.9;

4 a@2=(8.*pir2*(al*Dx+a2*Dy)})/Dz

5 N=3@;tb=6; Nt=18;t=linspace(@,tb,Nt+1);%¥ tb=beigu laiks sek

6 NP=N+1;z=linspace(®,L,NP);%h=L/N ¥ L=xend

7 Lx=1;Ly=1;Nx=18; x=linspace(@,Lx,Nx+l);y=linspace(@,Ly,Nx+1);

8 options=odeset('RelTol’, 1e-7);

9 s0l = pdepe(m,@pdexlpde,@pdexlic,@pdexlbc,z,t,options);
1e u = sol{:,:,1);
11 figure;
12 surfc(z,t,u),colorbar;
13 set(gca, 'Font3ize',14); title('zt solution'); xlabel('z[m]'); ylabel('t[s]');
14 mil=min{min{u));mal=max({max(u));mlil=linspace(mil,mal,d);wl=[mli1,a.5];
15 figure, [C1,h]=contour{z,t,u,wl,’ -r’, Linewidth’,4);
16 clabel(C1,h, 'FontSize',13, 'FontWeight', 'bold'};
17 set(gca, 'Fontsize’,13)
18 title('Concentration levels C(z,t)")
19 xlabel( 'z[m]"),ylabel( t[s]")
28 figure;
21 plot{z",u(l,:), 'm™ " ,z',u(3,:),'b* ",z u(6,:), K=" ,z",u(11,:), 'r*', 'Markersize’,8);
22 set(gca, 'Fontsize’,14)
23 legend('@s",'1.2s","35",'65" )3
24 xlabel( z[m]"};
25 ylabel('Concentration, C');
26 Tend = u(end,1),maT=max(u{end,:))
27 figure,
28 plot(z,u(end,:), -r*", "Markersize’,18, " " LineWidth',2)
29 set(gca, 'Fontsize’,1@)
EL title('Stationary solution®)
31 xlabel('z[m]"),ylabel("C")
32 cx=u(end,:}) " *(al®({sin(2¥pi*x)+cos(2%pi®x) )+bl) scy=ulend, : ) ' *(a2*(sin(2¥pi*y)+cos{2¥pi*y) )+b2);
33 zx=(al*(sin(2*pi*x)+cos({2%pi®x) )+b1) ' *u(end, : ) ;zy=(a2*(sin(2*pi*y)+cos(2*pify) )+b2) "*u(end,:);
34
35 figure; surfc(x,z’,cx),colorbar; set(gca, Fontsize',14); title('xz solutiop'); xlabel('x"); ylabel('z');
36 figure; surfc(y,z',cy),colorbar; set(gca, 'Fontsize',14); title('yz solutiop'); xlabel('y'); ylabel('z');
37 figure; surfc(z',x,zx),colorbar; set(gca, 'Fontsize',14); title('zx solutiop'); xlabel('z'); ylabel('x');
38 figure; surfc(z',y,zy).colorbar; set(gca, 'Fontsize',14); title('zy solutiop'); xlabel('z'); ylabel('y');
39 %*
48 figure,
41 plot(z,u(2,:),"'-r*", "Markersize’, 10, 'LineWidth",2)
42 hold on
43 plot(z,u(6,:),"'-k*", "Markersize', 10, 'LineWidth",2)
44 hold on
45 plot{z,u(9,:),"'-m*", "Markersize", 1@, 'Linekidth’,2)
46 hold an
47 plot(z,u(11,:), " '-b*", '"Markersize’,1@, 'LineWidth",2)
43 set(gca, 'Fontsize',10)
43 Ftitle(sprintf('T of x,Tend=%6.4f",Tend))
58 legend('t=0.65", 't=3s5",'t=4.85", 't=65', 'Orientation’, 'horizontal’, 'Location’, 'Southlutside' ) Klegenda
51 xlabel('z[m]"),ylabel("C")
52 maT=max{u(end,:))
53 figure, plot(t,u(:,1),"-g*", Markersize',5, Linewidth',2);
54 hold an
55 plot(t,u(:,6), ' -r*', "Markersize’,5, 'Linenwidth',2)
56 hold an
57 plot(t,u(:,11), ' -k*", 'Markersize’,5, 'LineWidth’,2)
58 hold an
58 plot{t,u(:,21), " ' -m*", '"Markersize’,5, 'LineWidth’,2)
68 hold an
61 plot(t,u(:,end), ' -b*", "Markersize’,5, "LineWidth",2)
62 set(gca, 'Fontsize’,1@)
63 Htitle(sprintf('T of t,Tmax=%6.4f",maT))
64 legend('z=0',"z=0.5", "z=1.8",'z=2.@','z=3.8", Orientation’, "horizontal’,'Lpcation’, 'SouthOutside' ) ¥legenda
65 xlabel("t[=]"),ylabel("C")
66 Tab=[u(end,1),u(end,6),u(end,11),u{end,21),u({end,end)]
&7 b e e e T BB e e e
68  function [c,f,s] = pdexlpde(z,t,u,Dubx)
69 c=1;f= DuDx; s=-23@2%u;
78 | end
71 A e et e el
72 function u@ = pdexlic(z)
73 u@ = (Caz-Ca@)*z/L +Ca@;
74 - end
75 A e et e el
76 [ function [pl,gl,pr,gr] = pdexlbc{zl,ul,zr,ur,t)
77 pl = -alfa®(ul -Ca@);
78 gl = Dz; ¥ 3.veida BC du/dx=8, ja alfa=@
79 pr =ur-Caz; ¥ uzdots atkarocba
80 qr==a;
81 end
82 - end

1. attéls. 1-D Nestacionaro robezveértibu probléemu (2) atrisinasana,
izmantojot Matlab
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zt solution
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2. attels. Nestacionarais atrisinajums C(t,z) 3. attéls. Koncentracijas atkariba no laika

pie dazadam z-vértibam (dazada dziluma
kudras slant)

Stacionaras robezvertibu problémas skaitliskai modeléSanai tiek izmantota sistéma (3) un
ieprieks$ nosauktie eksperimentalie dati(4., 5., 6., 7. attéls).[5]

2

1= = IR - IV B Y]

1a
11
12
13
14
15
16
17

Provem® = | + |

1[5 function Prove

Lx=1;Ly=1;Lz=3;ax=0.1;ay=0.1;N=10;N=10;Nz=28; x=linspace(®,Lx,N+1);y=linspace(@,Ly,N+1);

z=linspace(@,Lz,Nz+1) " ;

Dz=1@~(-2);¥Ja Lz=2, tad Dz=1@~(-2.5);Ja Lz=1, tad Dz=1@~(-3);

Dx=3%18"(-4);Dy=3%10~(-4);alfa=200;CL=4.63;c@=1.13;

a@2=( (Dx*ax+Dy*ay)*8*pi~2)/Dz;al=sqrt(a82);

Al=(CL-c@*cosh({a®*Lz) )/ (sinh(a@*Lz)+a@*cosh{a@*Lz)*Dz/alfa); AZ=c@+Al*a@*Dz/alfa;

C=A1*sinh(a@*z)+A2*cosh({a@*z);

figure, plot(z,C,"ro', 'Markersize’,1@);C(1)

xlabel("z"),ylabel('C(z)")

cx=C*(@.1%(sin{2%pi®x)+cos(2%pi®x))+0.9) ;cy=C* (0. 1% (sin(2¥pi*y)+cos(2%pi*y))+0.9);

zx=(0.1%(sin{2%pi*x)+cos (2%pi*x))40.9) " *C s zy=(0. 1% (sin(2¥pi*y)+cos (2% pi*y))+0.9) "*C";

figure; surfc(x,z,cx),colorbar; set(gca, FontSize',14); xlabel({'x'); ylabel('z');

figure; surfc(y,z,cy),colorbar; set(gca, FontSize',14); title('yz solution'); xlabel('y"); ylabel{("z");

figure; surfc(z,x,zx),colorbar; set(gca, FontSize',14); title('zx solution’); xlabel('z"); ylabel({"x");
- figure; surfc(z,y,zy),colorbar; set{gca, FontSize',14); title(’'zy soluticn'); xlabel('z'); ylabel{ y");

4. attéls. Stacionaras robezvértibu problémas
atrisinaSana MATLAB vide
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e _USE_MATH_DEFINES

=-28, -alfa = 2680;

cout << y[i]

3 % pow(
v ay) *- 8-

+ a8 * cosh(a® = Lz) = Dz / alfa);

r- (int .
Cl.p cosh(a® * z[i]

y.sizel

t3 i )
cy[il.push_back(C1[i]l # (8.1 # (sin(2 * M_PI % y[j1) + cos(2 * M_PI % y[j1)) + 8.9)

j=8; j<l.size(d; j++)
zx[i].push_back(ex[j1[i]

< Cl:si
k(ey[j1[i1)

return-8;

5. attéls. Stacionaras robezvértibu problémas
atrisinasana, izmantojot C++ programmeésanas valodu
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zy solution
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6. attéls. Stacionarais atrisinajums C(z) 7. attéls. Stacionarais atrisinajums C(z,y)

2., 3., 6., 7. attéla ir redzams, ka koncentraciju izmainas ir lidzigas rakstura zina - kalcija
koncentracija loti strauji samazinas ar dzilumu no 4.63 [%] lidz 1.13 [%]. Lielakas smago

metalu koncentracijas tiek noverotas kuidras augsejos slanos.

Izmantojot MATLAB un C++ programmgésanas valodu, var dabiit vienadus skaitliskos
rezultatus, bet ja izmanto MATLAB grafikus rezultatiem veidot daudz vieglak, tapeéc labak
izmantot MATLAB.

Secinajumi

Petijums paradija, ka skaitlisko risindjuma atrasanai labi piemérota ir MATLAB. Tika
izmantota arT C++, bet tas prasija ilgaku laiku un atseviskos gadijumos bija pat sarezgitak.
Viena no MATLAB priekSrocibam ir relativi viegla diagrammu veidoSana, kas ir jaizmanto
turpmakajos peétijumos. Skaitlisko risinajumu realizacijas kodi ar MATLAB izradijas ne parak
sarezgiti (salidzinajuma ar C++), tap&c tie ir izmantojami ar sarezgitaku uzdevumu / problému
risinaSanai.

Izveidotais matematiskais modelis, izmantojot eksperimentalos mérfjjumus kudra (uz
virsmas slana un atseviS§kos punktos kiidras ieks€jos slanos), lava aprékinat metala
koncentraciju vairakos nepiecieSamos punktos, kur mérijjumi netika veikti.

Summary

The present article discusses reducing the second-order parabolic partial differential
equation of a three-dimensional (3D) non-stationary boundary problem to the corresponding
one-dimensional (1D) non-stationary boundary problem, using periodic boundary conditions
in the x and y directions.

The obtained non-stationary 1D boundary problem allows calculating the values of the
search function C(z,t), for example, calculating the changes in the concentration of heavy
metals in the z-direction and also as a function of time t. The numerical solution of the 1D
boundary problem can be obtained, for example, using the Matlab package "pdepe,” by writing
the necessary program in the Matlab programming language, or with the help of the C++
programming language.

Assuming that the numerical solution of the non-stationary 1D boundary problem C(z,t)
is not dependent on time (t=const), the corresponding stationary boundary problem was
obtained and its stationary (analytical) solution C(z) was found. Using the functional
relationship, the numerical values of C(z) in the given z range can be calculated. As a practical
application of the mathematical model developed, the article discusses calculating the
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concentration of heavy metal Ca in a peat layer based on the obtained experimental data
(measurements).
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