OPTIMIZATION OF SUPPLY CHAIN WITH
UNCERTAINTIES

PIEDAVAJUMA KEDES OPTIMIZACIJA AR MAINIGAJIEM

Hayk KHACHATRYAN
PhD student

Nora MKRTCHYAN
PhD student

Aram ARAKELYAN

Prof,, Dr.
Department of Mathematical Modeling in Economics, Yerevan State University
E-mail: hayk_kh@yahoo.co.uk
Yerevan, Armenia

Abstract. The purpose of this study is to clarify the approach by which companies are
solving the problems of optimization of Supply Chain with uncertainties through
application of operations research and numerical methods. The problem of Supply
Chain maximization is considered on a global scale and the model with uncertainties is
developed. An algorithm for optimization is presented for this model.
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Introduction

In recent years management problems of Supply Chain (SC) have
generated important questions concerning uncertainty and needs to
optimize the process of management in various economic sectors. Thus
the focus of organizations involved in SC is targeted to the maximization
of own profit. Consequently, to reach this goal they try to manage input
and output resources.

For this reason, problems between the seller and the buyer raising
and depending from the number of organizations appearing as SC
members constitute basic blocks of any simple or complex SC.

Nowadays, SC management problems under complete information
are intensively studied in various papers. As one of effective mechanisms
of the coordination of SC, a quantity discount is considered by Munson
and Rosenblatt (1998). An application of fuzzy set theory for supply
chain coordination is considered and a coordination mechanism through
quantity discount policy under asymmetric information environment is
designed by C.Yang and M.Wee (2001).

The literature devoted to SC coordination allows distinguishing the
following three classes. The class concerning to buyer’s perspective
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model considers the problem of buyer’s requirements optimization with
the assumption that sellers have complete information on the buyer’s
cost structure.

The next class is concerned to the seller’s perspective model when
pricing scheme “is profitable to the seller as long as the discount offered
to the buyer(s) is less than the seller’s cost saving”.

Among SC model the class of joint buyer - seller models takes up a
considerable amount of research. This class of models considers quantity
discount strategies maximizing the system profit.

In all these cases the exact parameter value is not known and the
decision maker is facing uncertainty. At absence of perfect information,
the decision maker may not be able to know consequences of a particular
choice he made. Thus, better is the information reducing of uncertainty to
be available and consequently it leads to better decisions providing
increased profit of the system.

Therefore, the study of relationship between uncertainty and
information acquisition allows bridging the gap in the SC literature by
proposing total cost consisting of two types of costs: uncertain cost and
certain cost (Santanu Sinha, S.P. Sarmah (2008)). Several assumptions
are necessary to provide straightforward analytical results. First, the
supplier and the factories as members of SC are completely endowed
with two factors of production: labor and capital. These two actors are
used for the following production activities: first, both factors are used to
produce the homogeneous final good (raw materials from customers).

During last two decades the Supply Chain Management (SCM)
became hot debated topic both in academy and industry. The research
was focused on the global as well local optimization. According to [2,3],
previous models could be divided into the following 4 types: integrated
seller — buyer (IVB) models, integrated procurement - production (IPP)
system and MAD manufacturing, assembly and distribution integration).

Approach of the supply chain maximization with uncertainty
targeted to coordination is presented in [4].

Integrated Supply Chain with multiple manufacturers, multiple
suppliers, multiple distributors and multiple customers is considered in
[2]. Concerning the products it's assumed that demands of the products
are to be fuzzy and shortage cost is considered. Contrary to [2], demands
of the products are assumed to be contingent in the present paper. The
approach for optimization based on the model [2] is considered. The
system of equations (nonlinear) is given and the approach for the
solution based on [1] is presented.
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Definitions and notations

General definitions and used notations of the model are the
following. The SC consists of the set of multiple:

a) Suppliers {1,2,...,n,...,N},

b) Raw materials {1.2,...,7,...,R},

c) Factories {1,2,...,/,...,J},

d) Distribution centers (DC) {1.2,...,z,...,Z},

e) Setof products{1,2,....i,..., 1},

f) Customers {1,2,...,m,..., M}.

Let us denote

Let us denote as labor

w' (u's) —cost of capital (labor) of the n-th supplier of raw
materials, n=1,2.....n,..., N.

w’; (u’;) —cost of capital (labor) of the j-th factory, j=1.2....,/,...,J.

w’:(u’: ) —cost of capital (labor) of the z -th Distribution Center,
z=12,...,2,... 7.

w*s (u*s) —cost of capital (labor) of the m -th Distribution Center,
m=12,..m,. .M.

K, (L) —capital (labor) of the n-th supplier of raw materials,
n=12,.,n,.,N.

K (L,)-capital (labor) of the ;-th factory, j=1.2,...,...,J.

K_(L.)-capital (labor) of the : -th Distribution Center,
z=12,...,z,..,7Z.

K, (L, -capital (labor) of the m -th Distribution Center,
m=12,...m,.. M.

t, ,~unit production cost of n-th supplier of raw materials,
supplying raw material », r=1,2,....,r,..R, n=12,...,n,...,N.

¢,,—unit manufacturing cost of i-th product produced in the ;-th
factory i, i=12,....i,..d, j=1,2,..., j,..,J.

/.,—unit shipping cost of r-th raw materials supplied from »-th
supplier.

p,;;~unit shipping cost of i -th product supplied from ; -th factory.

¢,.—unit shipping cost of i-th product supplied from :z-th
Distribution Center.

e, —unit retail cost of i -th product supplied from z -th Distribution
Center.

H,, -quantity (price) of r-th raw materials supplied from n-th
supplier.
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O,,—quantity (price) of i -th product supplied from ;-th factory.

C,.—-quantity (price) of i-th product supplied from :z-th
Distribution Center.

E,.-quantity (retail price) of i-th product supplied from z-th
Distribution Center.

Y:,,.—Portion of r-th raw materials supplied from »-th supplier
for the production of i -th product in j -th factory.

S,.,,— portion of i-th product supplied to z-th Distribution Center

for m -th customer.

¢,.,— retail portion of i-th product supplied to z-th Distribution
Center for m —th customer.

2. — portion of capital of n-th raw materials supplier to produce » -

th raw materials.
v.— portion of labor of n-th raw materials supplier to produce r-th

raw materials.

G, (K,,L,) (1)
production function of n-th raw materials supplier.

Gy (K, L)) 2)
production function of j-th factory.

G,.(K..L.) (3)
production function of z -th Distribution Center.

Gy (K, .L,) (4)

production function of for m -th customer.
Consequently, if assume that
GR,n( Z;’Kn v L ) = Hr,n than

r n

n r—n

t =
o GR,n(ZrKn’Van)
is unit shipping cost of » -th raw materials supplied from »-th supplier.

R N
V= zz7i,j,r,nHr,n (6)

r=1 n=1

B wnl;(rKn +u,v,L (5)

is the quantity of »-th raw materials supplied from r»-th supplier for
production of i -th product in j-th factory.

&= ZZfr,n(Vi,j,r,nHr,n ) (7)

r=1 n=1

is shipping cost of »-th raw materials supplied from »-th supplier for
production of i -th product in j-th factory.

R N
2 Zztr,n(7i,j,r,nHm ) (8)

r=1 n=1
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is production cost of » -th raw materials supplied from »-th supplier for
production of i -th product in j-th factory.

2 1 2 1
w K, +u;, pil, +¢
1 1
GFj(ﬂ' in,p iLj)

g, =
(9)

unit manufacturing cost of production of i-th product in the factory .
J
0.~ Zé:i,j,zQi,j
j=1

quantity of i~ th product producing in j-th factory, where ¢ .is the
portion of i-th product within total production of the factory j.

J
Tz Jsz = Zpi,j (gi,j,zQi,j)
j=1
is shipping cost of i —th product supplied to the z -th Distribution Center.
W, 3VK +u 3,ul.Lj +7,.
DC](V Kz’lLliLz)

unit purchasing cost of the product i-th produced by z-th Distribution
Center.

i,z

Problem Formulation.

Model 1. Optimization problem presented as a Linear
Programming problem.

As an objective function we consider the maximization of the total
supply chain profit presented as a sum:

Object.Funct.= )" > [(f,, - rn)(ZZ%],,,Hr,,)]+ZZ[(p,, q,,)Zé,zQu]

r=1 n=l1 i=l j=1 i=l j=1

+
zz[(cl V4 - vl Z)(Zé‘l m, ZCI Z):| + Zz[(el z - vl Z)(zé/l m, ZEI Z)] %maX (10)
i=1 z=1 i=1 z=1
where
R N I J
DU =)D 7:5..H, )1is the profit of the suppliers,
r=1 n=1 i=1 j=1
1 J

Z [(p,; —4; j)z ...0, ;1 is the profit of the factories,

i=1 j=1

[(c,. - vlz)(z ...C.)] is the shipping profit of the Distribution

m=1

providing shipping of the products,
iZ[(e,Z—v,Z)(ZQmZE,Z) is the retail profit of the Distribution

i=1 z=1 m=1

Centers providing retail of the products.

1P
M~

Il
—_

z

Center

U)
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The maximization assumes the maximization with respect to the
variables {#,,},{0,,},{C..}.{E,.}, where r=1,2,..,R n=12,..,N, i=12,..],
z=12,..72 m=12,..M.

The system of constraints is as follows.

R N
gi,j = Z Z fr,n (}/i,j,r,nHr,n) S IiI,:j (11)

r=1 n=I

The inequality (7) requires that shipping cost of raw materials
supplied from raw materials suppliers for the production of i -th product
in j-th factory is less than the income I of j-th factory distinguished

for the production of i-th product.
J
Ti: =Zpi,j(§i,j,zQi,j)S]zDC (12)

The inequality (8) requires that shipping cost of i-th product
supplied to the z -th Distribution Center from the j -th factory is less than

the income 7°°of the z-th Distribution Center distinguished for the
purchasing of the i-th product.

1

Z z [(ci,z —Viz )(5i,m,z Ci,z )] + Z z [(ei,z —Vi: )é,i,m,in,z )] < [::[ (1 3)

i=l z=1 i=l z=l

The inequality (9) requires that shipping cost of products supplied
to the m-th customer is less than income 7} of the m-th customer

distinguished for purchasing of products produced by the factories.

Thus, we received the Linear Programming problem of
maximization (10) subject to the constraints (11)-(13), which could be
solved using algorithms of solution of the Linear Programming problems.

From (5)-(7) follows that

R N I J R N 1 J R N I J
DG =)D Vs I= DD [ QD i) =2 DD T s Wt K, W, L)
=1 =1 i=l j=1 r=l n=l i=l j=1 r=l =l =l j=l

(14)

Model 2. Optimization problem presented as a Non-Linear
Programming problem.

Considering production functions of raw material suppliers,
factories, Distribution Centers and customers the problem (10)-(13)
using (14) allows the presentation as follows. Substitution of production
functions into the objective function (10) gives the objective function as
follows.

R N I J R N I J
I FinO D i Crn KV, L) =D D >y W 2, K, +wiv, L) +

r=l n=1 i=l j=1 r=l n=l i=l j=1
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R N
I J W/zﬂ.llK/ +u12p11L/ +ZZfr,n7i,_/,r,nGR,n (ZrKrHVan) 7
[(pl., - r=l n-l ) é:i, ',zQi, ] +
ZZ ' Gr,(mK;. L)) Z:I: e

J
wiv, K. +ulu L, + Z p;.Gr(m, K, BL))
Jj=1

_— )(©0;,.-C; )]+
P Gpe. (v.K.,pL,) T
3 3 <
I 7z WzViKz +uzlLliLz +Zpij§iszF,j(7z-in7ﬂiLj)
I (CH )C,,.C.)]>max  (15)

i=l z=1 ’ GDC,z (ViKz s lthLz )

Further, substation of production functions into the system of
constraints (11)-(13) gives the system of constraints as follows.

R N
gi,j = z Z fr,n (yi,j,r,nGR,n (Zr,nKn’Vr,nL ) < GF,j (”in’ﬂiLj) (16)

r=1 n=1

J
Ti,z = Zpi,j (gi,j,zGF,,j (”lKj’IBzLJ) < GDC,Z (ViKz’l[liLz) (17)

J=1

A
i=1

[(Ci,z - vi,z )(61‘,"1,2 GDC,Z (ViKz > /uiLz )] +
=1

z
/1 Z

Zz[(ei,z - vi,z )é/i,m,zGDC,z (Vi]Kz H luile )] < GM,m (szKm > luzsz) (1 8)

i=l z=1

Assumption 1. Assume that production functions of suppliers,
factories, Distribution Centers and customers are Cobb-Duglas
production functions as follows:

Gy, (K,.L)=AK “L"™, G, (K,L)=A4K"“L",
n=12,..,n,..,N, j=12,.../,..,J (19)
G,.(K.,L)=4K.“L"), G, (K,,L,)=AK" L, z=12,.,z2,.,Z,
m=12,...m,.. M.

Assumption 2. Assume that the problem of maximization is
considered with respect to the following variables:

(K AL AK AL AK ALK, AL, n=12,n,.., N, j=12,..., ],...J ,
z=12,.,z,..,Z, m=12,...m,...M .
Thus, we received Non-Linear Programming problem of

maximization (15) subject to the constraints (16)-(18), which could be
solved using algorithm of solution of the Linear Programming problems.
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Solution of the Problem (15) - (18)
To solve the problem (15) - (18) define the Lagrangian

£({Kn}a{Ln}a{Kj}a{Lj}’{Kz}’{Lz}a{Km}a{Lm}lﬂ'lﬂﬂ’zﬂﬂ?) =
22 Fen QD s Crn KoV L) =20 D D isrn W2, K, 400, L) +

=1 n=1 i=l j=l r=l n=1 i=l j=1
R N
I W_,z‘”,‘lK_/ ‘H"_?p,'le + ZZfr,n7t,j,r,nGR,n (z.K,.v.L,)
Z[(pi,j - R Ar/:l 7:1J )Zéi,j,zQi,j] +
A GF,j (ﬂin’ﬂiLj’zzz Vijrn (W:,ZrKn 'H";]quLn) !

1

\
Il

—_
Il
Il

—_
~

J
iji Kz +ujluiLz +ZpljéiszF,j(ﬂ-in’ﬁiLj’ZZZZ}/i,_/,r,n (WLZrKn +ur]1Ln)

1 Z -
[(c,' z 7 )(51 m zCi z )]
;; ' GDC,z (ViKz’:uiLz) o ’

J
iji Kz +M3MLZ +Zpijé:1szF,j (ﬂ-zKJaﬂzLj)

1 7 N
[(eiz /- )(é/lmijIz)]-'-
;; j GDC,z V.K.,1L.) Y
R N
/11 ( zy,n(%,j,r,nGR,n (;(r,nKz’ Vr,nL )_GF,j (ﬂ;[(j’ﬂtlj)) (2 0)
r=l n=l1

J
+ 2, ( z Pi; (fi,j,zGF,,j (”in > :BiLj )_Gpe. (VK L))+
=

1 Z
23{ ZZ[(Ci,z _Vi,z )(5i,n1,zGDC,Z(ViKz’/'liLz )] +

i=l z=l

1 Z
Zz[(ei,z - Vi,z )é,i,m,zGDC,z (Vile ° luile )] - GM,m (Visz H luisz ) }'

i=l z=l

Substitute production functions (19) in Lagranjian (20).
Differentiating the Lagranjian (20) and equalizing to zero partial
differentials with respect to the variables

(K AL AK AL AK ALK, AL, n=12,,n,.., N, j=12,..., j,...J
z=12,.,2,..,Z, m=12,..,m,..,M and A4,,4,,4,allows to receive the system of
nonlinear equations. To solve this system we could use the Newton
method of the solution of nonlinear system of equations [1, pp. 450-469].
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Model 3. Optimization problem presented as a Non-Linear
Problem of Stochastic Programming.

Assumption 3. Assume that demand of the product i is
contingent,i=12,..,1.

Thus, denote v,_, - unit shipping cost of the product i from DC z

for the customer m (in the state ¢, i=1.2,.,I,m=12,.,.M,0=1.2,..,s,
g, _,— unit purchasing cost of the product i by the customer mfrom

imz6@
DCz (in the state 9, i=1.2,.,I,m=12,.,M,0=12,..,s,

E, ,—-shipping quantity of the product ifrom the DC :zto the
customer m with probability

hysi =12, [m =12, M,z =12,.,7,0=12,..,5,3 h, = 1.
6-1

Hence, the expected profit of the DC is
W({Vimzﬂ}’ {lgimzﬁ}’ {Eimzﬂ}) = ZZZ ZEimzﬁ (Vim20 - lgimz& )he (21)
=1

i=1l m=1 z=1

Consequently, the objective function Object. funct. +
Wy, ,3.49. ., 4E, ,}), which is a sum of objective functions (10) and (21)

together with constraints (11) - (14) gives the Linear Stochastic
Programming problem. This problem is solved by complete
implementation of the Benders Algorithm given in [6].

Summary

Present research has clarified that problems emerging between the seller and
the buyer have a nature of uncertainty and allow to be modeled with respect to global
optimization of the Supply Chain. In contrary to the Supply Chains under complete
information, the present paper studied the Supply Chain management problems with
assumption that some variables of the system are uncertain. Taking into account that
uncertainty of the Supply Chain allows increasing its applicability we developed the
model as well the algorithm of global optimization.

In addition, the models of certainty of the SC are considered and the approach
for the optimization algorithm is presented.
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Kopsavilkums

Sis raksts ir veltits piegades kédes (SC) parvaldibas problému izpétei. Sis
problémas ir radijusas biitiskus jautajumus par nenoteiktibu un vajadzibam optimizéet
parvaldibas procesu dazadas saimniecibas nozarés. Tadejadi SC iesaistito
organizaciju uzmanibas centra ir pasu pelpas maksimala palielina$ana. Si prasiba
nodrosSina vajadzibu sasniegt SC organizacijas meérki ka ieguldito un ieglito resursu
parvaldiSanu.

Pasreizéjas SC vadibas problémas ar pilnigu informaciju ir intensivi pétitas
dazados pétijumos. Sajos pétljumos par vienu no efektiviem SC koordinacijas
mehanismiem tiek uzskatita vairumatlaide. Ka to SC vadibas problému izpetes
attistiba, kas saistitas ar nenoteiktibu, tiek apsvérta nepreciza daudzuma teorijas
izmantoSana piegades keédes koordinacijai, un ir izveidots sadarbibas mehanisms,
izmantojot vairumatlaizu politiku atbilstosi asimetriskajai informacijas videi.

SC koordinacija lauj atskirt turpmak minétas tris kategorijas. Kategorija, kas
attiecas uz pircéja perspektivo modeli, tiek nemta véra pircéja prasibu optimizacijas
probléma, pienemot, ka pardevéjiem ir pilniga informacija par pircéja izmaksu
strukturu.

Nakama kategorija attiecas uz pardeveja perspektivo modeli, kad cenu
noteikSanas sistéma ir ,izdeviga pardevéjam, kameér pircéjam(-iem) piedavatas
atlaides ir mazakas par pardeveéja izmaksu ekonomiju”.

Starp SC modeliem ievérojams pétijumu apjoms ir veltits apvienotajai pirc€ja -
pardevéja modelu kategorijai. Saja modelu kategorija tiek nemtas véra vairumatlaizu
stratégijas, kas maksimali palielina sistémas pelnu.

Visos $ajos gadijumos nav zinama preciza parametru vértiba un lémumu
pienémeéjs saskaras ar nenoteiktibu. Ja nav pilnigas informacijas, tad lemumu
pienémeéjs var nezinat, kadas sekas ir konkrétajai vina izdaritajai izvelei. Tapéc ir
labak, ja pieejama informacija, kas mazina nenoteiktibu, un lidz ar to tiek pienemti
labaki lemumi, kas nodroSina sistémas pelnas palielinajumu.

Nemot veéra Sis iezimes, Saja raksta tiek pétita saistiba starp nenoteiktibu un
informacijas iegtiSanu. Tas lauj mazinat iztrukumus SC literatura, ierosinot kopéjas
izmaksas, kas sastav no divu veidu izmaksam: nenoteiktam izmaksam un noteiktam
izmaksam. NepiecieSami vairaki pienémumi, lai nodroSinatu saprotamus analizes
rezultatus. Pirmkart, piegadatajs un rupnicas ka SC objekti ir pilnigi nodroSinati ar
diviem razo$anas faktoriem - darbaspéku un Kkapitalu. Sie divi faktori tiek izmantoti
$adam raZoSanas darbibam: pirmkart, abi faktori tiek izmantoti, lai iegiitu viendabigu
galaprodukciju (izejvielas no klientiem).

Piegades kédes maksimalas palielinasanas ar nenoteiktibu pieeja, kuras
meérkis ir koordinéSana, tiek paradita ka Linearas programmeésanas probléma
nenoteiktiba.

Tiek apskatita Integréta piegades kéde ar vairakiem raZotajiem, vairakiem
piegadatajiem, vairakiem izplatitajiem un vairakiem klientiem. Turklat tiek pétita
pieeja optimizacijai, pamatojoties uz apsvérumiem par modeli ar nelinearu objektivo
funkciju un nelinearu ierobeZojumu sistému. Sis problémas atrisina$anai piedavats
algoritms Niitona pieskaru metodei (nelinearas) vienadojumu sistémas atrisinasanai.
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